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ABSTRACT: We study T11=P~4 x T9/Z, orbifold compactifications of eleven-dimensional
supergravity and M-theory using a purely algebraic method. Given the description of
maximal supergravities reduced on square tori as non-linear coset o-models, we exploit the
mapping between scalar fields of the reduced theory and directions in the tangent space
over the coset to construct the orbifold action as a non-Cartan preserving finite order
inner automorphism of the complexified U-duality algebra. Focusing on the exceptional
serie of Cremmer-Julia groups, we compute the residual U-duality symmetry after orbifold
projection and determine the reality properties of their corresponding Lie algebras. We
carry out this analysis as far as the hyperbolic ¢1g algebra, conjectured to be a symmetry
of M-theory. In this case the residual subalgebras are shown to be described by a special
class of Borcherds and Kac-Moody algebras, modded out by their centres and derivations.
Furthermore, we construct an alternative description of the orbifold action in terms of
equivalence classes of shift vectors, and, in D = 1, we show that a root of ¢;g can always be
chosen as the class representative. Then, in the framework of the Eyg|19 /K (E10|10) effective
o-model approach to M-theory near a spacelike singularity, we identify these roots with
brane configurations stabilizing the corresponding orbifolds. In the particular case of Zso
orbifolds of M-theory descending to type 0’ orientifolds, we argue that these roots can
be interpreted as pairs of magnetized D9- and D9’-branes, carrying the lower-dimensional
brane charges required for tadpole cancellation. More generally, we provide a classification
of all such roots generating Z, product orbifolds for n < 6, and hint at their possible
interpretation.
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1. Introduction

Hidden symmetries in toroidally compactified maximal supergravity theories have been
known for a long time, since the foundating works of Cremmer and Julia [[]-f]. In particu-
lar, the bosonic part of 11D supergravity compactified on 7" =P for 10 > D > 3 was shown
to possess a continuous exceptional Eqj_pji1— p(R) global symmetry, provided all RR- and
NS-NS fields are dualized to scalars whenever possible [, [J. This serie of exceptional
groups also appear as symmetries of the action of type IIA supergravity compactified on
T1=P and the BPS states of the compactified theory turn out to arrange into multiplets
of the Weyl group of Ey;_pj11—p(R) [{]. From the type IIA point of view, this continuous
symmetry does not preserve the weak coupling regime in g,, and is thus expected to be
broken by quantum effects. Nevertheless, the authors of [J] have advocated that a discrete
version thereof, namely E1;_pj11— p(Z) remains as an exact quantum symmetry of both
11D supergravity and type II theories, and thus might provide a guideline for a better
understanding of M-theory.

This exceptional serie of arithmetic groups can alternatively be obtained as the closure
of the perturbative T-duality symmetry of ITA theory compactified on 79~ namely
SO(10 — D,10 — D, Z), with the discrete modular group of the (11 — D)-torus of M-
theory, namely SL(11 — D,Z). In D = 9, the latter turns into the expected S-duality
symmetry of the dual IIB string theory. In this perspective, the global E11—D\11—D(Z)
can be regarded as a unifying group encoding both a target-space symmetry, which relates
apparently different string backgrounds endowed with isometries, and a rigid symmetry



of the maximally symmetric space of compactification which naturally contains a non-
perturbative symmetry of type IIB string theory (which is, by the way, also shared by the
heterotic string compactified to four dimensions). Furthermore, this so-called U-duality
symmetry has been conjectured to extend to the moduli space of M-theory compactified
on TP for 10 > D > 3. In particular, it was shown in [L0] how to retrieve exact R* and
R*H*97% corrections as well as topological couplings [, from M-theory Ej;_ Dl11— p(Z)-
invariant mass formulae.

In D = 2,1, the dualization procedure mentioned above is not enough to derive the
full U-duality symmetry, which has been conjectured, already some time ago [[2-[4] to
be described by the Kac-Moody affine eg;;9 and hyperbolic eg19 split forms, that are
characterized by an infinite number of positive (real) and negative/null (imaginary) norm
roots. In a more recent perspective, 119 and the split form of e1; have been more generally
put forward as symmetries of the uncompactified 11D, type II and type I supergravity
theories, and possibly as a fundamental symmetry of M-theory itself, containing the whole
chain of Cremmer-Julia split algebras, and hinting at the possibility that M-theory might
prove intrinsically algebraic in nature.

Along this line, [[§] have proposed a tantalizing correspondence between classical 11D
supergravity operators at a given point close to a spacelike singularity and the coordinates
of a one-parameter sigma-model based on the coset ejq|19/€(¢10/10) and describing the dy-
namics of a hyperbolic cosmological billiard. In particular, a class of real roots of e¢19 have
been identified, using a BKL expansion [Lf, [[7], as multiple gradients of 11D supergravity
fields reproducing the truncated equations of motion of the theory. More recently [[g],
imaginary roots were shown to correspond to 8th order R™(DF)" type M-theory correc-
tions to the classical 11D supergravity action.

From this perspective, studying the behaviour of the infinite dimensional U-duality
symmetry ejg)19 on singular backgrounds is a promising direction. This paper is the first
in a serie of two papers aiming at obtaining an algebraic characterization of M-theory
compactified on various orbifolds. More precisely, we are interested in studying the residual
U-duality symmetry that survives the orbifold projection and the way the shift vectors
defining the orbifold action are related to the extended objects necessary for the theory to
reduce to a well-defined string theory. In the second paper, we will show that the way the
background metric and matter fields are affected by the orbifold singularities is encoded in
the algebraic data of a particular non-split real form of the U-duality algebra.

In [[L]], an algebraic analysis of a certain class of orbifolds of M-theory has already been
carried out in a compact version of the setup of [[[§]. Their work is based on a previous
investigation of the relation between the moduli space of M-theory in the neighbourhood
of a spacelike singularity and its possible hyperbolic billiard description [2(]. For their
analysis, these authors took advantage of a previous work [P which helped establishing a
dictionary between null roots of e1g and certain Minkowskian branes and other objects of
M-theory on T19. Let us briefly recall this correspondence.

In [, P2, R, a systematic description of the relation between a subset of the positive
roots of Ey;_pj11—p and BPS objects in type II string theories and M-theory has been
given. In particular, they were shown to contribute to instanton corrections to the low-



energy effective theory. In D = 1, this suggests a correspondence between certain positive
real roots of e1g and extended objects of M-theory totally wrapped in the compact space
(such as Euclidean Kaluza-Klein particles, Euclidean M2 and M5-branes, and Kaluza-Klein
monopoles). In the hyperbolic billiard approach to the moduli space of M-theory near a
cosmological singularity, these real roots appear in exponential terms in the low-energy
effective Hamiltonian of the theory B4, [[§. Such contributions behave as sharp wall
potentials in the BKL limit, interrupting and reflecting the otherwise free-moving Kasner
metric evolution. The latter can be represented mathematically by the inertial dynamics
of a vector in the Cartan subalgebra of e;g undergoing Weyl-reflections when it reaches the
boundary of a Weyl chamber. In the low energy 11D supergravity limit, these sharp walls
terms can be regarded as fluxes, which are changed by integer amounts by instanton effects.
This description, however, is valid only in a regime where all compactification radii can
all become simultaneously larger than the Planck length. In this case, the corresponding
subset of positive real roots of e1g can safely be related to instanton effect. As shown
in [0], the regions of the moduli space of M-theory where this holds true are bounded by
the (approximate) Kasner solution mentioned above. A proper description of these regions
calls for a modification of the Kasner evolution by introducing matter, which leads to a
(possibly) non-chaotic behaviour of the system at late time (or large volume). The main
contribution of 1] was to give evidence that these matter contributions have a natural
description in terms of imaginary roots of e;g. More precisely, these authors have shown
that extended objects such as Minkowskian Kaluza-Klein particles, M2-branes, M5-branes,
and Kaluza-Klein monopoles (KK7M-branes) can be related to prime isotropic imaginary
roots of ejg that, interestingly enough, are all Weyl-equivalent. These results, although
derived in a compact setting, are amenable to the non-compact case [[[§, [§].

Ref.[[[J] only considers a certain class of orbifolds of M-theory, namely: 71979 x T /74
for g =1,4,5,8,9. After orbifold projection, the residual U-duality algebra gi,, describing
the untwisted sectors of all these orbifolds was shown to possess a root lattice isomorphic
to the root lattice of the over-extended hyperbolic dejg19. However, a careful root-space
analysis led the authors to the conclusion that g;,, was actually bigger than its hyperbolic
counterpart, and contained deyg|;9 as a proper subalgebra. Furthermore, in the absence
of flux, anomaly cancellation in such orbifolds of M-theory is known to require the inser-
tion of 16 M(10 — g)-branes, Kaluza-Klein particles/monopoles or other BPS objects (the
S1 /7 has to be treated from a type IA point of view, where 16 D8-branes are required to
compensate the charges of the two O8-planes) extending in the directions transverse to the
orbifold [H, ). In [[L9], such brane configurations were shown to be nicely incorporated
in the algebraic realization of the corresponding orbifolds. It was proven that the root
lattice automorphism reproducing the Zs action on the metric and the three-form field of
the low effective M-theory action could always be rephrased in terms of a prime isotropic
root, playing the role of the orbifold shift vector and describing precisely the transverse
Minkowskian brane required for anomaly cancellation.

This construction in terms of automorphisms of the root lattice is however limited to
the Zs case, where, in particular, the diagonal components of the metric play no role. In
order to treat the general Z,~o orbifold case, we are in need of a more elaborate algebraic



approach, which operates directly at the level of the generators of the algebra. In this
regard, the works of Kac and Peterson on the classification of finite order automorphisms
of Lie algebras, have inspired a now standard procedure R7-R9] to determine the residual
invariant subalgebra of a given finite dimensional Lie algebras, under a certain orbifold
projection. This has in particular been used to study systematically the breaking patterns
of the Eg x Es gauge symmetry of the heterotic string [2§, BJ]. The method is based
on choosing an eigenbasis in which the orbifold charge operator can be rephrased as a
Cartan preserving automorphism AdeQZTﬁHA, where A is an element of the weight lattice
having scalar product (A|fg) < n with the highest root of the algebra 6g, and Hy is its
corresponding Cartan element. The shift vector A then determines by a standard procedure
the invariant subalgebra gi,, for all Z,, projections. However, the dimensionality and the
precise set of charges of the orbifold have to be established by other means. This is in
particular necessary to isolate possible degenerate cases. Finally, this method relies on
the use of extended (not affine) Dynkin diagrams, and it is not yet known how it can be
generalized to affine and hyperbolic Kac-Moody algebras.

Here we adopt a novel point of view based on the observation that the action of
an orbifold on the symmetry group of any theory that possesses at least global Lorentz
symmetry can be represented by the rigid action of a formal rotation operator in any
orbifolded plane. In algebraic terms, the orbifold charge operator will be represented by
a non-Cartan preserving, finite-order automorphism acting on the appropriate complex
combinations of generators. These combinations are the components of tensors in the
complex basis of the orbifolded torus which diagonalize the automorphism. Thus, they
reproduce the precise mapping between orbifolded generators in 119 / E(e10|10) and charged
states in the moduli space of M-theory on T10. It also enables one to keep track of the reality
properties of the invariant subalgebra, provided we work with a Cartan decomposition
of the original U-duality algebra. This is one reason which prompted us to choose the
symmetric gauge (in contrast to the triangular Iwasawa gauge) to parametrize the physical
fields of the theory. For this gauge choice, the orbifold charge operator is expressible as
HaeA+ Ade%(’g“*ﬂ‘), for B, — Fi, € £(e10)10), and Ay a set of positive roots reproducing
the correct orbifold charges {Q,}. The fixed point subalgebra gi,, is then obtained by
truncating to the @), = kn sector, k € Z.

This method is general and can in principle be applied to the U-duality symmetry
of any orbifolded supergravities and their M-theory limits. In this paper, we will restrict
ourselves to the gV = ey;_ pl11—p U-duality chain for 8 < D < 1. We will also limit our
detailed study to a few illustrative examples of orbifolds, namely: TP~ x T9/7Z,,,
for ¢ = 2,4,6 and T"=P=9 x T9/75 for ¢ = 1,...,9. In the Zy case, we recover, for
g = 1,4,5,8,9, the results of [I9]. In the other cases, the results are original and lead,
for D = 1, to several examples where we conjecture that gi,, is obtained by modding out
either a Borcherds algebra or an indefinite (not affine) Kac-Moody algebra, by its centres
and derivations. As a first check of this conjecture, we study in detail the 7% x T?/Z,
case, and verify its validity up to level [ = 6, investigating with care the splitting of the
multiplicities of the original e¢1g roots under the orbifold projection. We also show that the
remaining cases can be treated in a similar fashion. From a different perspective [B1, BZ,



truncated real super-Borcherds algebras have been shown to arise already as more general
symmetries of various supergravities expressed in the doubled formalism and compactified
on square tori to D = 3. Our work, on the other hand, gives other explicit examples of how
Borcherds algebras may appear as the fixed-point subalgebras of a hyperbolic Kac-Moody
algebra under a finite-order automorphism.

Subsequently, we engineer the relation between our orbifolding procedure which relies
on finite order non-Cartan preserving automorphism, and the formalism of Kac-Peterson
BJ. We first show that there is a new primed basis of the algebra in which one can derive a
class of shift vectors for each orbifold we have considered. Then, we prove that these vectors
are, for a given n, conjugate to the shift vector expected from the Kac-Peterson formalism.
We show furthermore that, in the primed basis, every such class contains a positive root of
¢10, which can serve as class representative. This root has the form A'n +nd , Where 8 is in
the same orbit as the null root ¢’ of eg under the Weyl group of SL(10), and is minimal, in
the sense that A/ is the minimal weight leading to the required set of orbifold charges. We
then list all such class representatives for all orbifolds of the type T% /Zy, x - -- x T |7y, .
with >, ¢; < 10, where the Z,, actions act independently on each T? subtori.

In particular, for the 71979 x T9/Zs orbifolds of M-theory with ¢ = 2,3,6,7 that
were not considered in [[9], we find that a consistent physical interpretation requires to
consider them in the bosonic M-theory that descend to type OA strings. In such cases, we
find class representatives that are either positive real roots of ey, or positive non-isotropic
imaginary roots of norm —2. We then show that these roots are related to the twisted
sectors of some particular non-supersymmetric type 0’ orientifolds carrying magnetic fluxes.
Performing the reduction to type OA theory and T-dualizing appropriately, we actually find
that these roots of e;g descend to magnetized D9-branes in type 0’ orientifolds carrying
(277)_[‘1/2} [ Tr F A .. A F units of flux. This gives a partial characterization of open strings

[q/2]
twisted sectors in non-supersymmetric orientifolds in terms of roots of e1g. Moreover, the

fact that these roots can be identified with Minkowskian D-branes even though none of
them is prime isotropic, calls for a more general algebraic characterization of Minkowskian
objects than the one propounded in [@] A new proposal supported by evidence from the
Z.n>o case will be presented in Section [[0.9.

More precisely, the orbifolds of M-theory mentioned above descend to orientifolds of
type 0A string theory by reducing on one direction of the orbifolded torus for ¢ even, and
on one direction outside the torus for ¢ odd. T-dualizing to type 0B, we find cases similar
to those studied in [B4, BH|, where specific configurations of D-branes and D’-branes were
used to cancel the two 10-form RR tadpoles. Here, in contrast, we consider a configuration
in which the branes are tilted with respect to the orientifold planes in the 0A theory. This
setup is T-dual to a type 0’ orientifold with magnetic fluxes coupling to the electric charge
of a D(10—¢)-brane embedded in the space-filling D9-branes in the spirit of [Bd, B7. In this
perspective, the aforementioned roots of e;g which determine the Z, action also possess
a dual description in terms of tilted D-branes of type 0A string theory. In the original
11-dimensional setting, these roots are related to exotic objects of M-theory and thereby
provide a proposal for the M-theory origin of such configurations.



Finally, we will also comment on the structure of the e;p roots that appear as class
representatives for shift vectors of Z,, orbifolds of M-theory, and hint at the kind of flux

configurations these roots could be associated to.

2. Generalized Kac-Moody algebras

In this section, we introduce recent mathematical constructions from the theory of infinite-
dimensional Lie algebras. Indeed, it is well-known in Lie theory that fixed-point subalgebras
of infinite-dimensional Lie algebras under certain algebra automorphisms are often inter-
esting mathematical objects in their own right and might have quite different properties.
Of particular interest here is the fact that fixed-point subalgebras of Kac-Moody algebras
are not necessarily Kac-Moody algebras, but can belong to various more general classes of
algebras like extended affine Lie algebras [B—[]], generalized Kac-Moody algebras [[J] -
K3), Slodowy intersection matrices [4] or Berman’s generalized intersection matrices [A5].
Indeed, invariant U-duality symmetry subalgebras for orbifolds of M-theory are precisely
fixed-point subalgebras under a finite-order automorphism and can be expected (at least
in the hyperbolic and Lorentzian cases) to yield algebras that are beyond the realm of
Kac-Moody algebras.

2.1 Central extensions of Borcherds algebras

Since they are particularly relevant to our results, we will focus here on the so-called gener-
alized Kac-Moody algebras, or GKMAs for short, introduced by Borcherds in [[]] to extend
the Kac-Moody algebras construction to infinite-dimensional algebras with imaginary sim-
ple roots. We define here a number of facts and notations about infinite-dimensional Lie
algebras which we will need in the rest of the paper, starting from very general consid-
erations and then moving to more particular properties. This will eventually prompt us
to refine the approach to GKMAs with a degenerate Cartan matrix, by providing, in par-
ticular, a rigorous definition of how scaling operators should by introduced in this case in
accordance with the general definition of GKMAs (see for instance Definitions P.J and P4
below). This has usually been overlooked in the literature, but turns out to be crucial for
our analysis of fixed point subalgebras of infinite KMAs under a finite order automorphism,
which occur, as we will see, as hidden symmetries of the untwisted sector of M-theory under
a given orbifold.

In this perspective, we start by defining the necessary algebraic tools. Let g be a
(possibly infinite-dimensional) Lie algebra possessing a Cartan subalgebra h (a complex
nilpotent subalgebra equal to its normalizer) which is splittable, in other words, the action
of adH on g is trigonalizable VH € h. The derived subalgebra g’ = [g, g] then possesses
an r-dimensional Cartan subalgebra b’ = g’ N h spanned by the basis 1TV = {H, };cs, with
indices valued in the set I = {iy,..,i,}.

We denote by h’* the space dual to h’. It has a basis formed by r linear functionals
(or 1-forms) on b’, the simple roots of g: I = {«; };c;. Suppose we can define an indefinite
scalar product: (a;|a;) = a;j for some real r x r matrix a, then:



Definition 2.1 The matrix a is called a generalized symmetrized Cartan matrix, if it
satisfies the conditions:

1) Qij = Qji , Vi, g€ 1.
ii) a has no zero column.
iii) a;; <0, for i # j and Vi,j € I.

if a;; #£0 : 222
a #0200\ C g foristjand¥ijel.
ifa;=0: ay

iv)
From integer linear combinations of simple roots, one constructs the root lattice Q =
> icr Loy The scalar product (|) is then extended by linearity to the whole @ C b™.
Furthermore, by defining fundamental weights {A’}icr satisfying (A'|ey) = &', Vi, j € I,
we introduce a duality relation with respect to the root scalar product. Then, from the
set {A'};c;r we define the lattice of integral weights P = Yicr ZA' dual to Q, such that
QCP.
Let us introduce the duality isomorphism v: §’ — §’* defined by

2.9 if gy # 0.
uuﬂ):{ G 1)

a ,ifa; =0,

We may now promote the scalar product (o;|e;) = a;; to a symmetric bilinear form B on
b’ through:

bij = B(H;, Hj) = (v(Hi)lv(Hj)), Vi,jel.
Suppose next that the operation ad(H) is diagonalizable VH € B, from which we define
the following:

Definition 2.2 We call root space an eigenspace of ad(H) defined as
go ={X €glad(H)X =a(H)X, VH € b} (2.2)

which defines the root system of g as A(g,h) = {a # 0] go # {0}}, depending on the choice
of basis for §.

The multiplicities attached to a root o € A(g,h) are then given by m, = dimg,. As
usual, the root system splits into a positive root system and a negative root system. The
positive root system is defined as

As(g,h) = {a € Ag,b) o= nia;, with n; € N, Vi € I}
i€l

and the negative root one as A_(g,h) = —A(g,h), so that A(g,h) = A (g,h)UA_(g,bh).
We call ht(a) = 3,.;n' the height of . From now on, we shall write A = A(g,b) for
economy, and restore the full notation A(g, h) or partial notation A(g) when needed.



Finally, since (a|a) is bounded above on A, « is called real if (a|a) > 0, isotropic
imaginary if (aja) = 0 and (non-isotropic) imaginary if (a|a) < 0. Real roots always
have multiplicity one, as is the case for finite-dimensional semi-simple Lie algebras, while
(non-simple) isotropic roots have a multiplicity equal to rka(g) for some affine subalgebra
g C g, while (non-simple) non-isotropic imaginary roots can have very big multiplicities.

Generalized Kac-Moody algebras are usually defined with all imaginary simple roots
of multiplicity one, as well. One could in principle define a GKMA with simple roots of
multiplicities bigger than one, but then the algebra would not be completely determined
by its generalized Cartan matrix. In this case, one would need yet another matrix with
coeflicients specifying the commutation properties of all generators in the same simple root
space. Here, we shall not consider this possibility further since it will turn out that all fixed
point subalgebras we will be encountering in the framework of orbifold compactification of
11D supergravity and M-theory possess only isotropic simple roots of multiplicity one.

We now come to specifying the role of central elements and scaling operators in the
case of GKMAs with degenerate generalized Cartan matrix.

Definition 2.3 If the matrix a does not have maximal rank, define the centre of g as
3(g) = {c € b|B(H;,c) = 0, Vi € I}. In particular, if I = dim3(g), one can find [
linearly independent null root lattice vectors {d;};—1, ; (possibly roots, but not necessarily)
satisfying (;|v(H;)) =0, Vi =1,...,1, Vj € I. One then defines [ linearly independent
Cartan generators {d;};—1,.; with d; € h/h" thus extending the bilinear form B to the
whole Cartan algebra § as follows:

o Blei,dj) =0y, ¥i,j=1,.,1.

o B(di,d;)=0,Vij=1,.,1.

e B(H,d;)=0,Vi=1,..,l and for H € b’/Span{¢;}i=1,.;.
Then, we have rk(a) =r — [ and dimbh = r +[.

This definition univocally fixes the i-th level k; of all roots a € A to be k; =
B(v~Y(a),d;), using the decomposition of »~!(a) on orthogonal subspaces in b’ = (b’/
Span{ci,...,¢}) ® Span{ci1} & --- & Span{c, }.

We are now ready to define a GKMA by its commutation relations. Definitions of
various levels of generality exist in the literature, but we choose one that is both convenient
(though seemingly complicated) and sufficient for our purpose, neglecting the possibility
that [E;, Fj] # 0 for i # j (see, for example, [if, [q] for such constructions), but taking
into account the possibility of degenerate Cartan matrices, a generic feature of the type of
GKMA we will be studying later on in this paper.

Definition 2.4 The universal generalized Kac-Moody algebra associated to the Cartan
matrix a is the Lie algebra defined by the following commutation relations (Serre-Chevalley
basis) for the simple root generators {E;, F;, H; }ier:

1. [EZ,F]] = (5in2‘, [HZ,H]] = [Hl,dk] =0, Vi,jel, k=1,..,1.



205 B i a2 0
2' [HZ’E]] = |a“'| . .1 a”zé )
al-jEj s if Q45 — 0

_ 2ai; F. ifa.: %0
(H;, Fj] = lagi| =77 '1 i 7 , Vi,jel.
—al-ij s if Qg5 — 0

1—224 1—224 .
3. Ifa;; >0 : (adEZ) @i E]’ =0, (adFl) @i Fj =0, Vi,jel.
4. Vi, j € I such that a;; <0, a;; <0and a;; =0 : ! [Ei, Ej] =0, [F;, F3] =0,

5. [di, [Ejy, [Ejys -y By )] = Kil Ejy s [Eyy s By )]
[di7 [Fj17 [Fj27 7F] ]H = _ki[Fju [Fjév 7an]] s

where k; is the i — th level of a = o, + ... + «;,, as defined above.

Since a generalized Kac-Moody algebra can be graded by its root system as: g = he

@ ga, the indefinite scalar product B can be extended to an ad(g)-invariant bilinear form

a€cA
satisfying: B(ga,93) = 0 except if o+ § = 0, which we call the generalized Cartan-Killing

form. It can be fixed uniquely by the normalization

20ij , if ai #0
B(E;, Fy) = { a0 1 @i #

9

5@" ,ifaiizo

on generators corresponding to simple roots. Then ad(g)-invariance naturally implies:
B(Hi, Hj) = (v(H;)|v(Hj)).

The GKMA g can be endowed with an antilinear Chevalley involution ¥¢ acting as
Yc(8a) = 9—a and Vo (H) = —H , YH € b, whose action on each simple root space g, is
defined as as usual as V¢ (F;) = —F;, Vi € I. The Chevalley involution extends naturally
to the whole algebra g by linearity, for example:

Jo([Ei, Bj]) = [0c(E)), Yo (Ej)] = [Fi, Fj]. (2.3)

This leads to the existence of an almost positive-definite contravariant form By (X,Y) =
—B(¥c(X),Y). More precisely, it is positive-definite everywhere outside b.

Note that there is another standard normalization, the Cartan-Weyl basis, given by:

o = Wil By | if ai # 0 ’ fos = il F | if g #£0
E; F;

,1faM:0 ,ifal'l':(),

)

e, = il p; if aii # 0
Hz ,1fa,~,~:0

and characterized by: B(eq, fo) =1, Va € A4 (g).
We will not use this normalization here, but we will instead write the Cartan-Weyl
relations in a Chevalley-Serre basis, as follows:

'Note that there is no a priori limit to the number of times one can commute the generator E; for a;
imaginary with any other generator E; in case a;; # 0.
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Definition 2.5 For all o € A4(g) introduce 2m,, generators: E% and Ff, a = 1,..,mq.
Generators corresponding to roots of height +2 are defined as:

EO(i-‘rOéj - Nai,ocj [ElaE]]7 Fai-i-ozj - N—ai,—aj [EaFJL VZ,] S I?

for a certain choice of structure constants Nai’aj. Then, higher heights generators are
defined recursively in the same way through:

[Ba Bjl =Y (Nap)™Bais- (2.4)

C

The liberty of choosing the structure constants is of course limited by the anti-commu-
tativity of the Lie bracket: (N 5)%, = —(Np,)*, and the Jacobi identity, from which we
can derive several relations. Among these, the following identity, valid for finite-dimensional

Lie algebras, will be useful for our purposes:
NopN_a_p=—(p+ D2, peN, st. {B—pa,...,0+a} C Alg,h).

Note that this relation can be generalized to the infinite-dimensional case if one chooses
the bases of root spaces g, with m, > 1 in a particular way such that there is no need
for a sum in (B:4). Imposing in addition (N, )%, = —(N_, _5)%, gives sign conventions
compatible with ¥¢(E%) = —F2, Va € Ay(g),a =1...,mq, not only for simple roots. In
the Serre-Chevalley normalization, this furthermore ensures that: N, g € Z, Yo, f € A.
Here lies our essential reason for sticking to this normalization, and we will follow this
convention throughout the paper. In the particular case of simply-laced semi-simple Lie
algebras, we always have p = 0, and we can choose N, 3 = £1, Vo, 3 € A (note, however,
that this is not true for infinite-dimensional simply-laced algebras).

Another important consequence of the Jacobi identity in the finite case, which will

turn out to be useful is the following relation
No—g=Ns_aa Va,B€A.

2.2 Kac-Moody algebras as a special case of GKMA

Standard symmetrized Kac-Moody algebras (KMA) can be recovered from the preceding
section by imposing a; > 0, Vi € I in all the above definitions. In addition, one usually
rephrases the dual basis IV in terms of coroots, by setting o = H;. Their image under
the duality isomorphism reads

v 2

) = a;, Viel,
(vilevi)

so that instead of the symmetrized Cartan matrix a, one generally resorts to the follow-
ing non-symmetric version, defined as a realization of the triple {h, I, 11V} with IV =
{o Yier C b*:

Ay = 2% = (oY ). (2.5)

Qg
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where the duality bracket on the RHS represents the standard action of the one-form o;

Vv
i

on the vector «

The matrix a is then called the symmetrization of the (integer) Cartan matrix A.
As a consequence of having introduced [ derivations in Definition R.3, the contravariant
form By, (.,.) now becomes non-degenerate on the whole of g, even in the case of central
extensions of multi-loop algebras, which are the simplest examples of extended affine Lie
algebra (EALA, for short).

For the following, we need to introduce the Weyl group of g as

Definition 2.6 The Weyl group of g, denoted W(g), is the group generated by all reflec-
tions mapping the root system into itself:

To @ A(g) — Ag)
B — ﬁ_ <av’ﬁ>a'

The set {ri,,..,r:, }, where r; = r,, are called the fundamental reflections, is a basis of
W (g). Since 7“;1 = r_q,;, W(g) is indeed a group.

The real roots of any finite Lie algebra or KMA can then be defined as being Weyl
conjugate to a simple root. In other words, o € A(g,h) is real if Jw € W(g) such that
a =w(q;) for i € I and g is a KMA.

A similar formulation exists for imaginary roots of a KMA, which usually turns out to
be useful for determining their multiplicities, namely (see [ig)):

Theorem 2.1 Let o =), ; kja; € Q\{0} have compact support on the Dynkin diagram
of g, and set:
K ={a|{a),a) <0, Viel},

Then denoting by A;,, the set of imaginary roots of g, we have:

Am(e) = | w(K).
weW (g)

It follows from Theorem P.1 that, in the affine case, every isotropic root a is Weyl-
equivalent to nd (with § = ag + 0 the null root) for some n € Z*, which is another way of
showing that all such roots have multiplicity m, = r. All isotropic roots which are Weyl-
equivalent to d are usually called prime isotropic. Note, finally, that statements similar to
Theorem R.1] holds for non-isotropic imaginary roots of hyperbolic KMAs. For instance,
all positive roots with (a|a) = —2 can in this case be shown to be Weyl-equivalent to A°,
the weight dual to the extended root ay.

Intersection matrix algebras are even more general objects that allow for positive non-
diagonal elements in the Cartan matrix. Slodowy intersection matrices allow such positive
diagonal metric elements, while Berman generalized intersection matrices give the most
general framework by allowing imaginary simple roots, as well, as in the case of Borcherds
algebras. Such more complicated algebras will not appear in the situations considered in
this paper, but it is not impossible that they could show up in applications of the same
methods to different situations.
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2.3 A comment on s[(10) representations in ¢;p and their outer multiplicity

Of particular significance for Kac-Moody algebras beyond the affine case are of course the
root system and the root multiplicities, which are often only partially known. Fortunately,
in the case of ejg, we can rely on the work in [iJ-[F1] to obtain information about a
large number of low-level roots, enough to study Z, orbifolds up to n = 6. These works
rely on decomposing Lorentzian algebras in representations of a certain finite subalgebra.
However, the set of representations is not exactly isomorphic to the root system (modulo
Weyl reflections). Indeed, the multiplicity of a representation in the decomposition is in
general smaller than the multiplicity of the root corresponding to its highest weight vector.
Typically, the m-dimensional vector space corresponding to a root of (inner) multiplicity
m will be split into subspaces of several representations of the finite subalgebra. Typically,
a root a of multiplicity m, > 1 will appear ny(a) times as the highest weight vector of a
representation, plus several times as a weight of other representations. The number n,(«)
is called the outer multiplicity, and can be 0. For a representation R of g it shall be denoted
by a subscript as: Rj,,] when needed. Even though the concept of outer multiplicity is of
minor significance for our purpose, it is important to understand the mapping between the
results of [f3, B0, based on representation of finite subalgebras, and ours, which focuses
on tensorial representations with definite symmetry properties.

3. Hidden symmetries in M-theory: the setup

As a start, we first review some basic facts about hidden symmetries of 11D supergrav-
ity and ultimately M-theory, ranging from the early non-linear realizations of toroidally
compactified 11D supergravity [f], [ to the conjectured hyperbolic ejp hidden symmetry
of M-theory.

Then in Sections B.I-B.J, we do a synthesis of the algebraic approach to U-duality
symmetries of 11.D supergravity on 79 and the moduli space of M-theory on 710, presenting
in detail the physical material and mathematical tools that we will need in the subsequent
sections, and justify our choice of parametrization for the coset element (algebraic field
strength) describing the physical fields of the theory. The reader familiar with these topics
may of course skip the parts of this presentation he will judge too detailed.

The global E;_pj11—p symmetry of classical 11D supergravity reduced on TP for
10 < D < 3 can be best understood as arising from a simultaneous realization of the linear
non-perturbative symmetry of the supergravity Lagrangian where no fields are dualized
and the perturbative T-duality symmetry of type ITA string theory appearing in D = 10
and below. Actually, the full Fyy_pj;;_p symmetry has a natural interpretation as the
closure of both these groups, up to shift symmetries in the axionic fields.

Type IIA string theory compactified on T~ enjoys a SO(10 — D, 10 — D, 7Z) sym-
metry? which is valid order by order in perturbation theory. So, restricting to massless

*We consider SO(10 — D, 10 — D) instead of O(10 — D, 10 — D), as is sometimes done, because the
elements of O(10 — D, 10 — D) connected to —1 flip the chirality of spinors in the type IIA/B theories. As
such, this subset of elements is not a symmetry of the R-R sector of the type IIA/B supergravity actions,
but dualities which exchange both theories.
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scalars arising from T-duality in D < 8, all inequivalent quantum configurations of the
scalar sector of the bosonic theory are described by the moduli space

Mp = SO(10 — D, 10 — D, Z)\SO(10 — D, 10 — D)/(SO(10 — D) x SO(10 — D)),

where the left quotient by the arithmetic subgroup corrects the over-counting of pertur-
bative string compactifications. In contrast to the NS-NS fields By and g, which, at the
perturbative level, couple to the string worldsheet, the R-R fields do so only via their field
strength. So a step towards U-duality can be achieved by dualizing the R-R fields while
keeping the NS-NS ones untouched. It should however be borne in mind that such a pro-
cedure enhances the T-duality symmetry only when dualizing a field strength to an equal
or lower rank one. Thus, Hodge-duals of R-R fields start playing a role when D < 8, those
of NS-NS fields when D < 6. However, when perturbative symmetries are concerned, we
will not dualize NS-NS fields.

This enlarged T-duality symmetry can be determined by identifying its discrete Weyl
group W (Dyo—p) [H], which implements the permutation of field strengths required by
electric-magnetic duality. In D < 8 it becomes now necessary to dualize R-R field strengths
in order to form Weyl-group multiplets. This results in 272 R-R axions, all exhibiting a
shift symmetry, that enhances the T-duality group to:

G = SO(10 — D,10 — D) x R¥™" (3.1)

the semi-direct product resulting from the fact that the R-R axions are now linearly rotated
into one another under T-duality. The (continuous) scalar manifold is now described
by the coset G/SO(10 — D) x SO(10 — D), whose dimension matches the total number
of scalars if we include the duals of R-R fields only. The symmetry (B.I) can now be
enlarged to accomodate non-perturbative generators, leading to the full global symmetry
E11-pj11—p- However, this can only be achieved without dualizing the NS-NS fields in the
range 9 > D > 7. When descending to lower dimensions, indeed, the addition of non-
perturbative generators rotating R-R and NS-NS fields into one another forces the latter
to be dualized.

To evade this problem arising in low dimensions, we might wish to concentrate instead
on the global symmetry of the 11D supergravity Lagrangian for D < 9, whose scalar
manifold is described by the coset

GL(11 — D) x RM-PI(B=D)IBY /011 — D).

The corresponding group Gsg = GL(11— D) x R(I1=P)10=D)9=D)/6 encodes the symmetry
of the totally undualized theory including the (11 — D)(10 — D)(9 — D)/6 shift symmetries
coming from the axions produced by toroidal compactification of the three-form C5. Again,
the semi-direct product reflects the fact that these axions combine in a totally antisym-
metric rank three representation of GL(11 — D). Since NS-NS and R-R fields can be inter-
changed by GL(11— D), the arithmetic subgroup of GL(11—D)x R(11=P)10=D)O=D)/6 ¢qp.
stitutes an acceptable non-perturbative symmetry of type II superstring theory in D < 9.
The price to pay in this case is to sacrifice T-duality, since the subgroup of the linear
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group preserving the NS-NS and R-R sectors separately is never big enough to accomodate
SO(10 — D,10 — D).

Eventually, the full non-perturbative symmetry Fy;_pji1—p can only be achieved when
both NS-NS and R-R fields are dualized, and may be viewed as the closure of its GL(11—D)
and SO(10 — D, 10 — D) subgroups. However, the number of shift symmetries in this fully
dualized version of the theory is given by {3,6,10,16,27,44} for 8 > D > 3. Since, in
D < 5, these numbers are always smaller or equal to (11 — D)(10 — D)(9— D)/6 and 29~ %,
neither G nor Gs¢ are subgroups of Fi;_p|j1—p in low dimensions.

This exceptional symmetry is argued to carry over, in its discrete version, to the full
quantum theory. Typically, the conjectured U-duality group of M-theory on T~ can be
rephrased as the closure

Ell—D|11—D(Z) — SO(lO - D, 10 - D, Z);(SL(ll - D, Z) 5 (32)

where the first factor can be viewed as the perturbative T-duality symmetry of ITA string
theory, while the second one is the modular group of the torus 7=, In D = 9, the latter
can be rephrased in type IIB language as the expected S-duality symmetry.

The moduli space of M-theory on 71~ is then postulated to be

Mp = En_pjni-p(Z)\Eyn—_pni-p/K(E-ppi-p) - (3.3)

It encodes both the perturbative NS-NS electric p-brane spectrum and the spectrum of
non-perturbative states, composed of the magnetic dual NS-NS (9 — D — p)-branes and the
R-R D-branes of ITA theory for 10 < D < 3.

In dimensions D < 3, scalars are dual to themselves, so no more enhancement of the
U-duality group is expected from dualization. However, an enlargement of the hidden
symmetry of the theory is nevertheless believed to occur through the affine extension
E9|10(Z) in D = 2, the over-extended FE1q)19 (Z), generated by the corresponding hyperbolic
KMA, in D = 1, and eventually the very-extended F1i(Z) in the split form, whose KMA
is Lorentzian, for the totally compactified theory.

Furthermore, there is evidence that the latter two infinite-dimensional KMAs are also
symmetries of unreduced 11D supergravity [53, p4], viewed as a non-linear realization (in
the same spirit as the Monstruous Moonshine [pJ] has been conjectured to be a symmetry
of uncompactified string theory) and are believed to be more generally symmetries of
uncompactified M-theory itself [56].

3.1 The exceptional F, serie: conventions and useful formulsae

Before going into more physical details, we need to introduce a few mathematical properties
of the U-duality groups and their related algebras. To make short, we will denote GV =
Split(E11_p), for D = 1,...,10, and their defining Lie or Kac-Moody algebras gV =
Split(en_D).

Except in D = 10,9, the exceptional serie E,, with r = 11 — D, possesses a physical
basis for roots and dual Cartan generators:
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Definition 3.1 Let the index set of Definition P.1 be chosen as I =9 —r,...,8, for 3 <
r < 10 3, then in the physical basis of §™*: {e;1_» = (1,0,...,0),...,e10 = (0,...,0,1)},
the set IT = {ag_,,...,ag} of simple roots of the semi-simple KMAs ¢, reads:

Q9_r = €11 — €12 = (1,-1,0,...,0),
: (3.4)
Q7 = €9 —€&10 = (0,...,0,1,—1),
ag = g+ €9+ €190 = (0,...,0,1,1,1).
The advantage of such a basis is to give a rank-, and hence dimension-, independent
formulation of II, which is not the case for an orthogonal basis e;. Preserving the scalar

product on the root system requires the physical basis to be endowed with the following
scalar product:

(a]B) = Z n'm' — = Z n‘m’ (3.5)

i=11—r i,j=11—nr

for a = Zzlon _,nig;and B = ZZ 11, m'e; (note that the basis elements satisfy (g;]e;) =
6ij — (1/9) and have length 21/2/3).

In fact, writing this change of basis as a; = (Rfl)ij €j, we can invert this relation
(which leads to the matrix R given in appendix A.I)) and obtain the metric corresponding
to the scalar product (B.J), given in terms of the Cartan matrix as:

= RAR", (3.6)

in the simply-laced case we are interested in.

As seen in Section .2, the Cartan matrix of the e, serie is a realization of (b, II,1I"),

where now IIY = {ag_,,...,ag } = II. Then, from A;; = (o), o;j) = (a;]erj) we have:
2-1 0 0 0--- 0 O
-1 2-1 0 0--- 0 O
0-1 2-1 0--- 0 O
A=1 0..- -1 2-1 0 0 0 (3.7)
0- 0-1 2-1 0-1
0-- 0 0-1 2-1 0
0-- 0 0 0-1 2 0
0-- 0 0-1 0 0 2

and A corresponds to a Dynkin diagram of the type [l

The simple coroots, in turn, form a basis of the derived Cartan subalgebra b, and
we may choose (or alternatively define) H; = o, Vi = 9 —r,...,8. Since we consider

3The physical basis makes sense only in cases where there are scalars coming from compactification of
the 3-form, which excludes the first two algebras of the serie.
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Figure 1: Dynkin diagram of the E, serie

simply laced-cases only, the relation o (ART)Z] VJ determines the dual physical basis
for r #9, i.e. D # 2:

Hy_, = eV — V1277 = (1,-1,0,...,0)

H7:6V9—6V10:(0,...,0,1,—1), (3.8)
Z eViq = Zng__ ., —1,2,2,2).
z 11—r

In the same spirit as before, this dual basis is equipped with a scalar product given in
terms of the metric ¥ = (g.)~! as:

10
B(H,H') = Z hih!; + > hibl,  forr#9 (3.9)
i=11—r i, j=11—r

for two elements H = 10, hieV? and H' = 3,2, heV?. In the affine case 7 = 9,
the Cartan matrix is degenerate. In order to determine B(H, H'), one has to work in the
whole Cartan subalgebra b, and not only in the derived one, and include a basis element
related to the scaling operator d. Consequently, there is no meaningful physical basis in
this case.

Not surprisingly, we recognize in (B.9) the Killing form of ¢, restricted to h(e,). Since
the dual metric is the inverse of g, the duality bracket is defined as usual as {(g;,e"7) =
gi(eV) = 6ij, so that consistently:

(@”,8) = (v(a")|B) = B(Ha) - (3.10)

Since ¢, is simply-laced, v(a¥) = a, and we then have various ways of expressing the
Cartan matrix:

Aij = Oéi(Hj) = (Oél'|01j) = B(HZ,H]) . (311)

3.1.1 A choice for structure constants

We now fix the conventions for the FE, serie that will hold throughout the paper. For
obvious reasons of economy, we introduce the following compact notation to characterize
¢, generators:

Notation 3.2 Let X, be a generator of the root space (¢)q, or of the dual subspace
ha C b for some root a = ZS

=9y Kla; € A(e,). We write the corresponding generator as

X(g_r)ki)fr...SkS instead of  Xpo-rqog 4 ikSag -
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For example we will write:

Eys267s  instead of  Eo, 1205 +ag+artas »

and similarly for F' and H. Sometimes, we will also write Qg_p k0T gk instead of

8 i
img_p K.

Furthermore, 0 always refers to the isotropic root of eg, namely 6 = g, =
1223344556647283, ¢ = Hs to its center, and d to its usual derivation operator d = dg,.
Possible subscripts added to 4, ¢ and d will be used to discriminate eg objects from objects
belonging to its subalgebras.

Moreover, we use for eg the usual construction based on the loop algebra L(eg) =
Clz,27 '] ® es, 2 € C. The affine KMA ¢g is then obtained as a central extension thereof:

eg = ﬁ(eg) @ Cep Cd.
and is spanned by the basis of vertex operators satisfying

(2" ® H;, 2" @ Hj] = m0ijomnC,

(2™ ® H;, 2" @ Ey] = (o), )2 @ E,, (3.12)
Nogz™ ™ @ Eqtg, if a+ 3 € Ale)

2™ ® Eq,2" @ Eg) = 2™ @ Hy + Mbmqnoc, if a =—0
0, otherwise

In addition, the Hermitian scaling operators d = zd% defined from z € S! normalizes £(eg):
[d,2" @ X] =nz"® X, VX € eg.

In ey, for which there is no known vertex operator construction yet, we rewrite the eg
subalgebra according to the usual prescriptions for KMAs by setting: d = —H_;, E%; =
2" ® Hg, with a = 1,..,8 its multiplicity, Eqqns = 2" ® Fq and F_,1pns = 2" ® F,,, and
similarly for negative-root generators.

Finally, there is a large number of mathematically acceptable sign conventions for the
structure constants NV, g, as long as one satisfies the anti-commutativity and Jacobi identity
of the Lie bracket, as explained in Definition P.5. If one decides to map physical fields to
generators of a KMA, which will eventually be done in this paper, one has to make sure that
the adjoint action of a rotation with positive angle leads to a positive rotation of all physical
tensors carrying a covariant index affected by it. This physical requirement imposes more
stringent constraints on the structure constants. Though perhaps not the most natural
choice from a mathematical point of view, we fix signs according to a lexicographical
ordering for level 0 (sl(r,IR)—) roots, but according to an ordering based on their height
for roots of higher level in ag. More concretely, if a = «;...;, has level 0, we set:

Cfrifi<g
Nai’a_{—lifk<z' '
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On the other hand, we fix N5 g = +1, and always take the positive sign when we lengthen
a chain of simple roots of level [ > 0 by acting with a positive simple root generator from
the left, i.e.:

Noz

Structure constants for two non-simple and/or negative roots are then automatically fixed

=1, Vast. l(a) >0.

&

by these choices.

3.2 Toroidally reduced 11D supergravity: scalar fields and roots of Fy;_p

In this section, we rephrase the mapping between scalar fields of 11D supergravity on
T1, q > 3, and the roots of its finite U-duality algebras, in a way that will make clear the
extension to the infinite-dimensional case. We start with /' = 1 classical 11D supergravity,
whose bosonic sector is described by the Lagrangian:

_ 1 11 lGP 2
S11 = l?;. d xe(R 2.4!(G4) >+

1

2.—3' /Cg NGy NGy (3.13)

where the four-form field strength is exact: G4 = dC3. There are various conventions for
the coefficients of the three terms in the Lagrangian (B.13), which depend on how one
defines the fermionic sector of the theory. In any case, the factors of Planck length can be
fixed by dimensional analysis. Here, we adopt the conventions of 3], where we have, in
units of length

l9aBl =2, [Capc] =0, [d]=l[dz]=0.

As a consequence of the above: [R] = —2.
The action (B.1J) rescales homogeneously under:

948 — Mpgap, Capc — MpCapo (3.14)

which eliminates all Ip terms from the Einstein-Hilbert and gauge Lagrangian while rescal-
ing the Chern-Simons (CS) part by 15, and renders, in turn, gap dimensionless. This
is the convention we will adopt in the following which will fix the mapping between the
FE11_p root system and the fields parametrizing the scalar manifold of the reduced theory
for D > 3. How to extend this analysis to the conjectured affine and hyperbolic U-duality
groups Fg9 and E1g will be treated in the next section.

The Kaluza-Klein reduction of the theory to D > 3 dimensions is performed according
to the prescription

10
f . . .
ds%l = eDE?WDMdS% + E e~ V2Eile) (ﬁljdxj + .All)Q , (3.15)
=D

with ﬁij = (5’; + A ;) with i < j for Al ;- The compactification vectors ¢; are the ones
defining the physical basis of Definition B.], and can be expressed in the orthonormal basis
{ei}; 217, ei-ej = 6ij, as

€ ——loz:k ! e'—l—\/ge for £k <8
k p— (10_1)(9_1)1 kj_lllfk- X O
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In the D = 2,1 cases, the additional vectors completing the physical basis are defined
formally, without reference to the compactification procedure.

Accordingly, the vector of dilatonic scalars can be expanded as ¢ = ZH b pie;. We
will however choose to stick to the physical basis. The expression of e in terms of the
orthonormal basis will help to connect back to the prescription of [f] and [F7, f§]. In this
respect, the scalar product (|) used in expression (B.1§) is precisely the product on the
root system (B.f). Finally, we also introduce the ”threshold” vector

10
PD = Z & (3.16)
i=D

which will be crucial later on when studying the structure of Minkowskian objects in E1g.

From expression (B.15), we see that the elfbein produces (11 — D) one-forms A} and
(11 — D)(12 — D) /2 scalars A} j» whereas the three form generates the following two-, one-
and zero-form potentials: (11 —D) Cy;, (11—-D)(10—-D)/2 Cy;; and (11— D)(10—D)(9 —
D)/6 Cyijk. The reduction of the 11D action (B.13) to any dimension greater than two
reads:

1 1
“lp—_R-Z 2_ - \/i(lf\%@) \f(mltp )
e 'L=R 2(830) 5o al¢ by 3'2 Gs.)?
1 V2(kij V2(\i i
_2.2!26 ( J\SO)(QZU) 5 2'26 2(Xile) (F5)? (3.17)
1 o 3 ; B
-3 Z V2 z]k|‘P)(Q1ijk)2 _ izeﬂ(kzg\w)(zljy_i_e e
i<j<k i<j

where Log is the reduction of the CS-term C3 A G4 A G4, and again indices run according
to 4,5,k = D,..,10. The field strengths appearing in the above kinetic term exhibit the
exterior derivative of the corresponding potentials as leading term, but contain additional
non-linear Kaluza-Klein modifications. For instance:

Gy =Gy —7,G3i NAL + 77 | Gaig NAFNAL + . By = Fy— o Fi AAY
' T1j =71k (3.18)
Goij =775 G2mn — Wlﬂ’?wnkGl tmn A AR

Giiji = VY% Gimn »

with fyij = (’fl)ij7 the not-underlined field strengths being total derivatives: G )
dC(N—l) 11+ and f(zn) Q1% d‘A (n—1) 419y’
of field strengths and the details of the reduction of the CS term are well known and can

be found in [59].

The global symmetry of the scalar manifold which, upon quantization, is conjectured

i1t
where n is the rank of the form. The whole set

to become the discrete U-duality symmetry of the theory is encoded in the compactification
vectors A = {k; K;; Kij; Kiji; Aij Aij} appearing in the Lagrangian (B17). As pointed out
previously, this global symmetry will only be manifest if potentials of rank D — 2 are
dualized to scalars, thereby allowing gauge symmetries to be replaced by internal ones. In

,20,



each dimension D, this will select a subset of A to form the positive root system of Ei1_p.
One has to keep in mind, however, that in even space-time dimensions, this rigid symmetry
is usually only realized on the field strengths themselves, and not on the potentials. This
is attributable to the customary difficulty of writing a covariant lagrangian for self-dual
fields . In even dimensional cases then, the Ej;_p symmetry appears as a local field
transformation on the solution of the equations of motion.

We now give the whole set A in the physical basis. One has to bear in mind that some
of these vectors become roots only in particular dimensions, and thus do not, in general,
have squared length equal to 2. In constrast, \;; and k;;; are always symmetries of the
scalar manifold, and can therefore be directly translated into positive roots of Fq1_p for
the first two levels | = 0,1 in ag. We have for i < j < k:

ZZO:WKKPB)\Z']‘Z&‘Z'—&‘]'
l=1: Wwme 3 Kijk = €i + €5 + €k

In fact, they build orbits of Ey1_p under the Weyl group of SL(11 — D,R), which we
denote by Wxkp and Whye, anticipating results from M-theory on T'0 which associates
Aij with Euclidean KK particles and k;;, with Euclidean M2-branes. So, in 10 > D > 6,
since no dualization occurs, the root system of the U-duality algebra is completely covered
by Wkkp and Wy, with the well known results GV = {SO(1,1); GL(2,R); SL(3,R) x
SL(2,R); SL(5,R); SO(5,5)}, for D = {10;9;8;7;6}.

For D = 5, we dualize G, = ¢ "% % G,, with —x = 0g, = ((1)%) the highest root
of Eg, which constitutes a Weyl orbit all by itself. For highest roots of the Lie algebra
relevant to our purpose, we refer the reader to Appendix [ ii). In D = 4, we dualize
(G3;) = e mi¢ % Gy, with —k; = ((1)1,04, (1)7%) forming the Weyl orbit of 0, (which
contains 0p,). Finally, in D = 3, dualizing Gy;; = e "% * élij and Fh = e N % le
increases the size of the former 65, Weyl orbit and creates the remaining g, orbit:

D=51=2: Wys 9—/{2%;)1)

D=41=2: W S —K; = =25pp — &
M5 R D_lng &i (319)

D=31=2: Wms 3 —Kij= p=5pPD — € —&j

I=3:Wkkm 2 —Ai = 550D + &

For the same reason as before, we denote these two additional orbits Wyis and Wikkrm
since they will be shown to describe totally wrapped Euclidean M5-branes and KK monopo-
les. For D = 3, for instance, we can check that dim Wiy, = dim W5 = 28, dim Wyp = 56
and dim Wxgrm = 8, which reproduces the respective number of scalars coming from the
KK gauge fields, 3-form, and their magnetic duals, and verifies dim A (Eg) = >, dim W.

For what follows, it will turn out useful to take advantage of the dimensionless character
of the vielbein, resulting from the rescaling (B.14), to rewrite the internal metric in terms

4In some cases -for the 11D five-brane for instance-, this can be achieved by resorting to the Pasti-
Sorokin-Tonin formalism.
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of the duality bracket (B.10):

10
dsty_p = Z el 5,447 da @ da’ (3.20)
i=D

with Hr = Z}ED In(MpR;)e"?. Thus in particular: e~ V20Eile) = (MpR;)?. In this conven-
tion, the scalar Lagrangian for D = 3 reads

i [ 0aR; OBR; 1 1
_ L AB/ V\ij ALl Bl _ = E - )2

1<)

() - () - )

1<) 1<)

(3.21)

with the dual metric (gY)¥ = 6% + (D —2)~! D ki 6% (B.9) and the internal volume
Vs = Hilgg R;. Clearly, the coefficients® in front of the one-form kinetic terms reproduce
the inverse squared tensions for totally wrapped Euclidean KK particles, M2-branes, M5-
branes and KK monopoles (KK7M-branes). This will be the touchstone of our analysis,
and in the next section we will present, following [R1], how the corresponding Minkowskian
branes arise in D = 1 in the framework of ElO\lo/K(Elo\lo) hyperbolic billiards.

3.3 Non-linear realization of supergravity: the triangular and symmetric
gauges

The final step towards unfolding the hidden symmetry of the scalar manifold of the reduced
theory consists in showing that one can construct its Langrangian density as a coset o-
model from a non-linear realization. Here, we rederive, in the formalism we use later on,
only the most symmetric D = 3 case, since the D > 4 constructions are obtainable as
restriction thereof by referring to table (B.19). For the detailed study of the D > 3 cases,
see [A].

Furthemore, the use of a parametrization of the coset sigma-model based on the Borel
subalgebra of the U-duality algebra, called triangular gauge, is crucial to this type of non-
linear realization. In contrast, we will show in the second part of this section, that the
most natural setup to treat orbifolds of the corresponding supergravities is given by a
parametrization of the coset based on the Cartan decomposition of the U-duality algebra.
We refer to this choice as the symmetric gauge.

In D = 3, the non-linear realization of the scalar manifold is based on the group
element:
g = eXp{ Zln MPR } (l_Ie'AZ K+J) + eXp [ Z Cl'ij—’—ijk]-
Y o (3.22)
on| T G2t e R
11<..<ig 11<..<18,]

5Note that the interpretation of these coefficients is somewhat different than in [@], since here we are
working in the conformal Einstein frame.
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where the dual potentials are reformulated to exhibit a tensorial rank that would generalize
to D < 3 (we drop all 0 subscripts since we are only dealing with scalars). In partlcular they
are related to the D = 3 dual potentials as CN'il__iG = 21, €. ZleCOkl and A] s = €ir. ZBAO, by
the totally antisymmetric rank 8 tensor of SL(8,R), €;, 5. These entered express1on (B-21)
as él ij = daoz‘j and ﬁf = dj%)

The group element (B.27) is built out of the Borel subalgebra of Eg, which is spanned
by the following raising operators

[K+J KH] _ 5JK+I 61.K+j
[K+] Z+ k‘lkgk‘g] kl Z+ ‘]|k‘2k‘3} , [K:’]’ Zv+ k‘l..k(;] — —66Z[k1 Z-{— ‘]|k‘2k‘6] ,
[Kﬂ'] K+k1 8] _ +k1 ks (3'23)
[Z+21Z223 Z+24Z5Z6] Z+21 ZG [Z+i1i2i3’2+i4--i9] — _3[~(+ [il\i2i3]i4--i9,

and the Cartan subalgebra, acting on the former as (without implicit summations on
repeated indices)

) & ) N

LTS A % 23] = mne) 2.

[ v Z]—t Jel = Z €j1. ]6 Klm W)ZJ—E .Je [5ViaKJ—‘|—k1nk8] = —Iij(evi) K]—‘Fkl"ks.
I<m

Anticipating the extension to D = 2,1, we redefine positive roots k;, ;, = Zl<m eilnmlmmm
and Ajj;, g
D dimensions is then expressible as a coset sigma-model, obtained from the algebraic field
strength G = ¢~ ldg

:__ZlnMPR Je i D e G 2R 4y A By SKGE

1<j<k 1<j

—(H —(H
+ § RsKig. 15>G1“ o Z+Zl .16 + E RoAj|iq. Z8)]:1 0 18K+21 ’Lg

11<..<ig 11<..<18,J

= €;,..igkj corresponding to the generators Z and K. The scalar Lagrangian in

(3.24)
This particular parametrization of the coset eg|s/€(eg|s) is known as the Iwasawa decomposi-
tion. In other words, the split form g¥ = ey;_ p|11—p decomposes as a sum of closed factors
gV = €D a®n, where ¢ is its maximal compact subalgebra. Then, the coset gV /¢ = a @ n
is parametrized by the direct sum of an abelian and a nilpotent subalgebra. This can
be interpreted as a ”"gauge” choice, where the coset elements are either diagonal (Cartan
generators) or upper triangular (Borel, or positive root, generators). In the following, this
choice will be referred to as the triangular gauge.

The negative root generators can be retrieved from the Borel subalgebra by defining the
appropriate transposition operation. Since we want it to be applicable to g¥ = ¢;;_ D|11-D
VD, and not only to U-duality algebras with orthogonal maximal compact subalgebra,
we construct it as in [f] out of the Cartan involution ¥ as T(X) = —9(X), VX € gY.
This induces a corresponding generalized transposition [f, fi] on the group level denoted
by: T(X) = ©(X~!), VX € GY. In the present case, since gV is the split form, we have
¥ = J¢, the latter being the Chevalley involution.
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By requiring the following normalizations:

Tr(eVieVi) = 2(gY )4, Tr<KijT(Kkl)> = i’

Tr (Xil"ip|j1--qu(Xk1"kP|ll--lq)) = p!q!&l[jl .. .5lip}5l[jl o 5{‘1} ’
1 p 1 q

where X" -%l1-Ja stand for the remaining generators of ([3.23), the bosonic scalar La-
grangian (B.21)) is readily obtained from the coset sigma-model

L= —%eTr [g7'0g(1+ T)g '0g] = ieTr(@MﬁlaM) (3.25)

where M = ¢T'(g) is the internal o-model metric. The equations of motion for the moduli
of the theory are then summarized in the Maurer-Cartan equation: dG = GAG. By adding
the negative root generators, we restore the K (F11_p) local gauge invariance, and enhance
the coset to the full continuous U-duality group. In D = 3, for instance, we thus recover
the dimension of Eg as:

248 = 8(H;) + 28(K;"7) + 56(Z 1) 4 28(Z+ o) + 8(I~(j+“"i8)
38 (T(K) ) +56 (T(219%)) +38 (T(Z0-10)) + 5 (T(R )

Note that the triangular gauge is not preserved by a rigid left transformation U from the
symmetry group GU: g(z) — Ug(z) for ¢ € GY/K(GY). This leaves G invariant but
will generally send g out of the positive root gauge. We will then usually need a local
compensator h(z) € K(GY) to bring it back to the original gauge. So the Lagrangian
(B-29) is kept invariant by the compensated transformation g(x) — Ug(z)h(z)~! which
sends: M — UMT(U), provided hT'(h) = 1.

If the triangular gauge is the natural choice to obtain a closed non-linear realization
of a coset sigma-model, it will show to be quite unhandy when trying to treat orbifolds
of reduced 11D supergravity and M-theory. In this case, a parametrization of the coset
based on the Cartan decomposition into eigenspace of the Chevalley involution gV = ¢ @ p

is more appropriate. In other words, one starts from an algebraic field strength valued in
U
g

gldg=P+9Q , (3.26)

so that the coset is parametrized by:
1 -1
P = 5(]1+T)g dg . (3.27)

and Q ensures local (now unbroken) K(GY) invariance of the model. Note that the La-
grangian (B.29) is, as expected, insensitive to this different parametrization since ieTr
(OM™IOM) = —eTr [PT(P)].

We then associate symmetry generators to the moduli of compactified 11D supergravity
/ M-theory in the following fashion: for economy, we will denote all the Borel generators
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of 5[(11 — D,R) C gV by K;Lj for 7 < j, by setting in particular Kf” K, = ¢V Using
relation (B.§), the Cartan generators can now be reexpressed as

Hi=K/ - K/?, i=1.T, :——ZKHZZ+2 (Ke® + Ko + K1) .

The dictionary relating physical moduli and coset generators can then be established for
all moduli fields corresponding to real roots of level [ = 0,1, 2,3, generalizing to D = 2,1
the previous result (B.19). We will denote the generalized transpose of a Borel generator
Xtas X~ =T(X™T).

modulus generator physical basis
In(MpR;) K gVt
A K/ =1 (KZH n Ki_j> € —€; 5.28)
Cijk Ziik = 1 (Z Tk 4 7= 1k) e +el 4 &
5@,1.% Zi1 e — % (Z+i1..i6 + Zfz‘l..z'ﬁ) Z?:Nfiz
Hy o3 € il | R0 = 3 (R 4 R0 ) |50, (14 600

This list exhausts all highest weight s[(11 — D, R) representations present for D = 3. In the
infinite-dimensional case, there is an infinite number of other s((11 — D, R) representations.
The question of their identification is still a largely open question. Progresses have been
made lately in identifying some roots of E1( as one-loop corrections to 11D supergravity [[L§
or as Minkowskian M-branes and additional solitonic objects of M-theory [RI]. These
questions will be introduced in the next section, and will become one of the main topics of
the last part of this paper.
However, it is worth noting that for D < 2, the 8-form generator is now subject to the
Jacobi identity
Klnliz-is] — (3.29)

In D = 2, this reflects the fact that the would-be totally antisymmetric generator K liriz.io]
attached to the null root ¢ is not the dual of a supergravity scalar, but corresponds to the
root space {z ® H;}i—1 g, and reflects the localization of the U-duality symmetry.

In addition, we denote the compact generators by K; I = =K; i - K, J , 2k = Ztijk _
Z~4* and similarly for 2% and IC;A1 % Then:

K(GU) = Span {’Cij; Zijk; Zil..ig;ﬁjil..ig}

Fixing the normalization of the compact generators to 1 has been motivated by the algebraic
orbifolding procedure we will use in the next sections, and ensures that automorphism
generators and the orbifold charges they induce have the same normalization.

In particular, the compact Lorentz generators ICiiJrl =FKE, ,—F, ,,Vi=D,...,9
clearly generate rotations in the (7,7 + 1)-planes, so that a general rotation in the (i, j)-
plane is induced by ICZ-j. One can check that, as expected, [lej,Xil,,j__ip] = Xiy . kip VX €
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gY /e(g¥) in Table (B2§). For instance, the commutator [K;"™, Z; 11 4] fori +1 < j < k
belongs to the root space of:

a=ao;—2+.taoj_3+ Q(Oéj_g + ..+ Oékfg) + 3(0&]?,2 + ..+ 045) + 206 + a7 + ag

that defines Z;;, = (1/2)(Eqs + Fo).

As a final remark, note that the group element § with value in GV can be used to
reinstate local K (GY)-invariance of the algebraic field strength g~'dg = P + Q under the
transformation as g(z) — Ug(x)h(z)~! for h(z) € K(GY) and a rigid U-duality element

U € GY. In this case, Q transforms as a generalized connection:
Q — h(z)Qh(z) ™ — h(z) dh(z) ™,

and P + Q as a generalized field-strength: P+ Q@ — U *1(77 + Q)U. Performing a level
expansion of Q:

1 o .
Q= §dmA (wAjZICZ-] —i—wA”kZijk) +...

we recognize for [ = 0 the Lorentz connection, for [ = 1 the 3-form gauge connection, etc.

Actually our motivation for working in the symmetric gauge comes from the fact that,
at the level of the algebra, the orbifold charge operator acting as Adh preserves this choice.
Indeed h € K(GY) is in this case a rigid transformation, so that one can drop the connection
part Q in expression (B.26), and Adh normalizes P.

Along this line, a non-linear realization where only local Lorentz invariance is imple-
mented has been used extensively in [54, 60, (1] to uncover very-extended Kac-Moody
hidden symmetries of various supergravity theories. This has led to the conjecture that e;;
is a symmetry of 11D supergravity, and possibly M-theory, as this very-extended algebra
can be obtained as the closure of the finite Borel algebra of a non-linear realization similiar
to the one we have seen above, with the 11D conformal algebra.

3.4 M-theory near a space-like singularity as a ElO\lo/K(Elo\lo) o-model

In the preceding section, we have reviewed some basic material about 11D supergravity
compactified on square tori, which we will need in this paper to derive the residual U-duality
symmetry of the untwisted sector of the theory when certain compact directions are taken
on a orbifold. The extension of this analysis to the orbifolded theory in D = 2,1 dimensions,
where KM hidden symmetries are expected to arise, will require a generalization of the low-
energy effective supergravity approach. The proper framework to treat hidden symmetries
in D = 1 involves a o-model based on the infinite coset Eygj19/K (E19)10)- In the vicinity
of a space-like singularity, this type of model turns out to be a generalization of a Kasner
cosmology, leading to a null geodesic motion in the moduli space of the theory, interrupted
by successive reflections against potential walls. This dynamics is usual referred to as a
cosmological billiard, where by billiard, we mean a convex polyhedron with finitely many
vertices, some of them at infinity.

In [i§, 4] the classical dynamics of M-theory near a spacelike singularity has been
conjectured to possess a dual description in terms of this chaotic hyperbolic cosmological
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billiard. In particular, these authors have shown that, in a small tension limit [, — 0 cor-
responding to a formal BKL expansion, there is a mapping® between (possibly composite)
operators’ of the truncated equations of motion of 11D supergravity at a given spatial
point, and one-parameter quantities (coordinates) in a formal o-model over the coset space
Eyopo/K(Eigj10)- More recently, [(§] has pushed the analysis even further, and shown how
higher order M-theory corrections to the low-energy 11D supergravity action (similar to
o/ corrections in string theory) are realized in the o-model, giving an interpretation for
certain negative imaginary roots of Fjg.

In particular, the regime in which this correspondence holds is reached when at least
one of the diagonal metric moduli is small, in the sense that Ji s.t. R; < [p. In this
case, the contributions to the Lagrangian of 11D supergravity (with possible higher order
corrections) coming from derivatives of the metric and p-form fields can be approximated
by an effective potential, with polynomial dependence on the diagonal metric moduli. In
the BKL limit, these potential terms become increasingly steep, and can be replaced by
sharp walls or cushions, which, on the Eyg|19 /K (E10|10) side of the correspondence, define
a Weyl chamber of F1g. The dynamics of the model then reduces to the time evolution
of the diagonal metric moduli which, in the coset, map to a null geodesic in the Cartan
subalgebra of E1g deflected by successive bounces against the billiard walls. In the leading
order approximation, one can restrict his attention to the dominant walls, i.e. those given
by the simple roots of Ejg, so that the billiard motion is confined to the fundamental
Weyl chamber of Fjg. As mentioned before, [13, B4, [[§] have shown how to extend this
analysis to other Weyl chambers by considering higher level non-simple roots of Fjp, and
how the latter can be related, on the supergravity side, to composite operators containing
multiple gradients of the supergravity fields and to M-theory corrections. These higher
order terms appear as one considers smaller and smaller corrections in [p as we approach
the singularity 2° — oo. These corrections are of two different kind: they correspond
either to taking into account higher and higher spatial gradients of the supergravity fields
in the truncated equations of motion of 11D supergravity at a given point of space, or to
considering M-theory corrections to the classical two-derivative Lagrangian.

In the following, since we ultimately want to make contact with [R1, [[], we will consider
the more restrictive case in which the space is chosen compact, and is in particular taken
to be the ten-dimensional torus 70, with periodic coordinates 0 < z* < 27, Vi =1,.. ., 10.
This, in principle, does not change anything to the non-compact setup of [52], since there
the mapping relates algebraic quantities to supergravity fields at a given point in space,
regardless in principle of the global properties of the manifold.

Before tackling the full-fledged hyperbolic Fy billiard and the effective Hamiltonian
description of 11D supergravity dual to it, it is instructive to consider the toy model
obtained by setting all fields to zero except the dilatons. This leads to a simple cosmological
model characterized by a space-like singularity at constant time slices ¢. This suggests to
introduce a lapse function N(¢). The proper time o is then defined as do = —N(t)dt,

SWhich has been worked out up to order I = 6 and ht(a) = 29.
"Constructed from the vielbein, electric and magnetic components of the four-form field-strength, and
their multiple spatial gradients.
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and degenerates (¢ — 01) at the singularity N(¢) = 0. This particular limit is referred
to as the BKL limit, from the work of Belinskii, Khalatnikov and Lifshitz [[L6], [[7]. As
one approaches the singularity, the spatial points become causally disconnected since the
horizon scale is smaller than their spacelike distance.

In this simplified picture, the metric (B.15) reduces to a Kasner one, all non-zero fields
can be taken to depend only on time (since the space points are fixed):

10
ds® = ~(N()dt)? + Y TrO)6,dat @ da (3:30)
ij=1

In addition to proper time o, we introduce an ”intermediate time” coordinate u defined as

_ 1. _ N
du = —ﬁda = mdt, (3.31)

where /G = \/det gij = e!#RP1) and V (t) = [[,2, Ri(t), where p; is the ”threshold” vector
(B.16). In this frame, one approaches the singularity as u — -+oc.

Extremizing [ eR with respect to the R; and N//g, we get the equations of motion
for the compactification radii and the zero mass condition:

. 2 . 2
d (1dR; R; R
= E — E = .32

where the dot denotes %. Setting R;(ug) = R;i(so) = Mp ! one obtains R; in terms either

of worof o

J) " (3.33)

a0

since 4 = — Zlvv In(o 4 const) 4 const’. Then, the evolution of the system reduces to a null
5 Vi

geodesic in h(FEyg). In the u-frame in particular, the vector Hg(u) = >, In(MpR;(u))e"?

can be regarded as a particle moving along a straight line at constant velocity —#. In the

u-frame, it is convenient to define p = (Z] v;) 717, whose components are called Kasner
exponents. These satisfy in particular:

ZP?—<ZM>2=0, Zp@:l. (3.34)

The first constraint originates from the zero mass condition (B.39) and implies 7 € h*(E1o),
while the second one comes from the very definition of the p;’s. These two conditions result
in at least one of the p;’s being positive and at least another one being negative, which
leads, as expected, to a Schwartzchild type singularity in the far past and far future.

In the general case, we reinstate off-diagonal metric elements in the line-element (3.3()
by introducing the vielbein (B.20) in triangular gauge:

5l]dxl X da? — ij,?ip,ﬁ/jqup ® dz?, (335)
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with ﬁip = (6ip + A ), and Al p defined for ¢ < p. For reasons of clarity, we discriminate
this time the flat indices (i, j, k,1) from the curved ones (p,q,r, s).

In this more general case, it can be shown [f7], that asymptotically (when approaching
the singularity), the log of the scale factors In MpR; are still linear functions of u, while the
off-diagonal terms .Aij tend to constants: in billiard language, they freeze asymptotically.

To get the full supergravity picture, one will in addition turn on electric 3-form and
magnetic 6-form fields and the duals to the Kaluza-Klein vectors, and possibly other higher
order corrective terms. Provided we work in the Iwasawa decomposition (B.15), one can
show that, similarly to the off-diagonal metric components, these additional fields and
their multiple derivatives also freeze as one approaches the singularity. In particular, all
(p+ 1)-form field strengths will tend to constants in this regime, and therefore behave like
potential terms for the dynamical scale factors.

An effective Hamiltonian description of such a system has been proposed [63, [[§:

1
H(HR, 0uHr, F) = B(O,Hp, 0uHp) + 5 > erwalfnle, (), (3.36)
A

For later convenience, we want to keep the dependence on conformal time apparent, so
that we use d,Hp to represent the canonical momenta given by * = 2(gY)¥ 9, In MpR;.
In units of proper time (B.57), the Hamiltonian is then given by the integral:

H= / dVz ﬂ_ H. (3.37)
Vg

Let us now discuss the structure of H (B.3() in more details. First, the Killing form B is
defined as in eqn. (B.9) and is alternatively given by the metric g¥. It determines the kinetic
energy of the scale factors. The second term in expression (B.34) is the effective potential
generated by the frozen off-diagonal metric components, the p-form fields, and multiple
derivatives of all of them, which are collectively denoted by F'. The (possibly) infinite sum
over A includes the basic contributions from classical 11D supergravity (B-2]), plus higher
order terms related to quantum corrections coming from M-theory. In the vicinity of a
spacelike singularity, the dependence on the diagonal metric elements factorizes, so that

2wA(HR), and a part that

these contributions split into an exponential of the scale factors, e
freezes in this BKL limit, generically denoted by c4(F).

These exponential factors e2?4(Hr) hehave as sharp wall potentials, now interrupting
the former straight line null geodesics Hr(u) and reflecting its trajectory, while conserving
the energy of the corresponding virtual particle and the components of its momentum
parallel to the wall. In contrast, the perpendicular components change sign. Despite these
reflections, the dynamics remains integrable and leads to a chaotic billiard motion. The
reflections off the walls happen to be Weyl-reflections in h(E1p), and therefore conserve
the kinetic term in H (B.3¢)). However, since the Weyl group of Fjq is a subgroup of the
U-duality group, it acts non-trivially on the individual potential terms of H. As the walls
represent themselves Weyl reflections, they will be exchanged under conjugation by the
Weyl group. More details on the action of the U-duality group in the general case, and in
relation with hyperbolic billiard dynamics can be found in Appendix B.
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In the BKL limit then, the potential terms e2*4(Hr) can be mimicked by theta-
functions: © (wa(Hg)) so that the dynamics is confined to a billiard table defined by
the inequalities wa(Hg) < 0. If one can isolate, among them, a finite set of inequalities
I ={A,.,A,}, n < oo, which imply all the others, the walls they are related to are called
dominant.

The contributions to the effective potential in H (B.3q) arising from classical supergrav-
ity can be described concretely, and we can give to the corresponding walls an interpretation
in terms of roots of Ejy. As a first example, we give the reduction on T of the kinetic
energy for the 3-form potential, and write it in terms of the momenta conjugate to the
Cijk:

LS ot (72 2 LS (i RoR; Ry [550 5 pqr]Q . (3.38)
5 s 5 PAGLG IR )™ Y Y gV T
i<j<k i<j<k
As pointed out above, the momenta 7% freeze in the BKL limit. Their version in curved

space can be computed to be

P1P2Ps — Z B_Qwijk(HR)7p1i7p2j7p3k7qli7q2j'ngkaucthqws,
1<j<k
with 9,Cy10005 = VT Gogrgaqs»> Since the flat time-index is defined by: dz® = N(¢)dt. From
expression (B.3§), one identifies the walls related to the three-form effective potential, and
referred to as ”electric” in [p9], with { = 1 positive roots of E1g, namely: w;;; = €;+¢j+e; €
W2 (Ero)-

Note, in passing, that the exponential in eqn.(B.38) has the opposite sign compared
to the reduced Lagrangian (B.21]) for D > 3. This is a consequence of opting for the
Hamiltonian formalism, where the Legendre transform inverts the sign of the phase factor
e2wA(HR) for the momenta 777", In this respect, the latter are defined with upper curved
indices (flattened by ﬁip), as in expression (B.3§), while their conjugate fields carry lower
curved ones (flattened by the inverse Wip = (ﬁ_l)ip, see (B-39) below). For more details,
see [bF]. In any case, one can simultaneously flip all signs in the wall factors for both the
Lagrange and Hamiltonian formalisms, by choosing a lower triangular parametrization for
the vielbein (B.39), which corresponds to an Iwasawa decomposition with respect to the
set of negative roots of the U-duality group.

Similarly, there will be a potential term resulting from the dual six-form 66 kinetic
term (the second term in the second line of expression (B.21))). In contrast to eqn. (B.21),
we rewrite the electric field energy for Cs as the magnetic field energy for Cj:

LS g =
2 1<j<k<l

1 . .

2 Z Z (MgRil e Ri6)2 7pi77qig'7rz‘97simqurs 511“.“0}

11 <...<tg 17<...<i10

(3.39)

Again, the components G,y freeze in the BKL limit, leaving a dependence on the ”"mag-
netic” walls given by [ = 2 roots of E1g: wjjx = ngé{ij k1) Em € Wws(E1). Dualizing this
expression with respect to the ten compact directions, we can generate Chern-Simons terms
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resulting from the topological couplings appearing in the definition of Gy,; in eqn. B.13),
namely: 27%1171;2277’ 3i37p ;‘471) f5Gp3p4p5[p1Alsp2]. However, such contributions are character-
ized by the same walls as expression (B.39), and thus have no influence on the asymptotic
billiard dynamics, but only modify the constraints.

The off-diagonal components of the metric A’ ; will also contribute a potential term
in H(B.3(). Inspecting the second line of expression (B.21]), we recognize it as the frozen

kinetic part of the first term on this second line:

1 . i 1 R; ? ~i
Ly etz - Ly <E> (5 2 (3.40)

1<J 1<J

where the momentum with curved indices is defined as

wb =Y et Hrlap A9, AR with k< g
k
The sharp walls appearing in this case are usually called symmetry (or centrifugal) walls
and correspond to [ = 0 roots of Eyg, namely: w;; = &; — ¢ € Wkkp(F1o)-
Finally, the curvature contribution to the potential in H (B.3() produces two terms:

1 _ A
5 Z Z 62wijk(HR)(£1jk)2 _ Z 62wi(HR)(£i)2
J<ki#{jk} i
=2 ) > (MpRi - RiRE)P (Y 11", Op A1) (3.41)
11 <...<t7,i8 19<%10
=Y (MR Ry (Eae P
11<...<i9,i10
The first one is already present as the third term on the second line of expression (B.21)), the
F ij . being related to the spatial gradients of the metric, or, alternatively, to the structure

functions of the Maurer-Cartan equation for the vielbein (B.39):
Flip = 29" 0pAy (3.42)

As for expression (B.39), one can generate Chern-Simons couplings ijvq kvﬁfir[pAl d by
dualizing the above expression in the ten compact directions. This again will not generate
a new wall, and, as for expression (B.49), corresponds to [ = 3 roots of Fjg given by
Wik = Y ygqi k) €8+ 260 € Wikkna(Eno).

The F; on the other hand are some involved expressions depending on the fields R;,
OR;, £ijk and 3£ijk. In eqn.(B41]), they are related to lightlike walls w; = Zk# €k
given by all permutations of the null root § = (0,(1)?). These prime isotropic roots are
precisely the ones at the origin of the identity (B:29). Since they can be rewritten as
w; = (1/2)(Wjk; + Wiij), they are subdominant with respect to the w;;j, and will not affect
the dynamics of Hgr even for p close to the lightlike direction they define. So they are
usually neglected in the standard BKL approach. In the next section, we will see that
these walls have a natural interpretation as Minkowskian KK-particles [21]], and contribute
matter terms to the theory.
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All the roots describing the billiard walls we have just listed are, except for w;, real
I < 3 roots of Ejg, and the billiard dynamics constrains the motion of Hg to a polywedge
bounded by the hyperplanes: (Hgr(t),wa) = 0, with A spanning the indices of the walls
mentioned above. The dominant walls are then the simple roots of Fjg. In this respect,
the orbits Wirs(E10) and Wkk7m(FE10) contains only subdominant walls, which are hidden
behind the dominant ones, and can, in a first and coarse approximation, be neglected.
The condition OCZ‘(HR(t)) < 0, with oy € H(Elo) - WKKp(Elo) U WMQ(ElO), leads to the
constraints:

R1 < RQ, R2 < Rg yoeey Rg < RlO, and RgRgRlo < l?ﬁ (3.43)

and the motion on the billiard is indeed confined to the fundamental Weyl chamber of Fy.
The order in expression (B.43) depends on the choice of triangular gauge for the metric
(B.39), and does not hold for an arbitrary vielbein. In the latter case, the formal F1q coset
o-model is more complicated than expression (B.44) below.

At this stage, we can rederive the mapping between geometrical objects of M-theory
on 719 and the formal coset o-model on Eio10/ K (E1op10) proposed by [[[], for the first
I =0,1,2,3 real positive roots of Ejy. This geodesic o-model is governed by the evolu-
tion parameter ¢, which will be identified with the time parameter (B.3]). To guarantee
reparametrization invariance of the latter, we introduce the lapse function n, different
from N. Then, in terms of the rescaled evolution parameter dr = ndt, the formal o-model
Hamiltonian reads [pJ]:

1 G
H(Hpg, 8- Hp, v, 0,v) = n(B(aTHRyaTHR) Y Y IR, aTy)P)
a€AL(E) a=1
(3.44)

where (v,0,v) denotes the infinitely-many canonical variables of the system. We again
use &, Hg to represent the momenta 7! = 2(gY)¥ (R;)~ 10, R; conjugate to In MpR;. The
metric entering the kinetic term is chosen to be g, which is dictated by comparison with
the bosonic sector of toroidally reduced classical 11D supergravity.

Expression (B.44) is obtained by computing the formal Lagrangian density from the
algebraic field strength valued in a(FEygj10) © n(Eigj1o) as:

- d 1 RZ 7 o . — « a
i _ﬁzﬁav Y D Yaalnp)e RO, (3.45)
( ' OZEA+(E10) a=1

As in eq.(B.2§), one starts by calculating £ = n~!Tr(PT(P)) with P given in expression
(B-27). One then switches to the Hamiltonian formalism, with momentum-like variables
given by the Legendre transform P, o(v,7) = %6*2<HR’°‘>YOC,Q(V, v), eventually leading to
expression (B.44).

In the BKL limit, the (non-canonical) momenta tend to constant values Py, q(v,7) —
Ca,q, and the potential terms in expression (B.44)) exhibit the expected sharp wall behaviour.
One can now try and identifiy the roots o € Ay (Eqg) of the formal Hamiltonian (B.44)
with the wall factors w4 in the effective supergravity Hamiltonian (B.3G). With a consistent
truncation to I = 3, for instance, one recovers the supergravity sector (B.24) on 7'°. This
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corresponds to the mapping we have established between real simple roots of F1y and the
symmetry, electric, magnetic and curvature walls w;; w;;x, wijr and w;jx, which are all in
A4 (E1p). The identification of the algebraic coordinates Cy , with geometrical objects in
the low energy limit of M-theory given by c4(F) (as defined in (B.3d) and below) can then
be carried out.

Proceeding further to I = 6, one would get terms related to multiple spatial gradients of
supergravity fields appearing in the truncated equations of motion of 11D supergravity [[[5,
18] at a given point. Finally, considering a more general version of the Hamiltonian (8.44)
by extending the second sum in the coset element (B.45) to negative roots, i.e. a €
A4 (FE0) U A_(Ey), and pushing the level truncation to the range | = 10 to 28, one
eventually identifies terms corresponding to 8th order derivative corrections to classical
supergravity [[[§] of the form RJ'(DG4)", where Ry is the curvature two-form and D is
the Lorentz covariant derivative. At eighth order in the derivative, i.e. for (m,n) €
{(4,0),(2,2),(1,3),(0,4)}, they are typically related to O(a'?) corrections in 10D type ITA
string theory, at tree level. In this case however, it may happen that the corresponding
subleading sharp walls w4 are negative, which means that they can only be obtained for
a non-Borel parametrization of the coset. In addition, they may not even be roots of Fij.
However, these walls usually decompose into waq = —(n+m — 1)p; + ¢, for ¢ € A4 (Eqp),
where the first term on the RHS represents the leading R"*™ correction. If n+m = 3N+1,
the R™(DF)™ correction under consideration is compatible with Ejg, and ¢ is regarded as
the relative positive root associated to it.

This means that the w4 are not necessarily always roots of ¢1g, and when this is not the
case, a (possibly infinite) subset of them can still be mapped to roots of Ejg, by following
a certain regular rescaling scheme.

3.5 Instantons, fluxes and branes in M-theory on T'°: an algebraic approach

If we now consider the hyperbolic U-duality symmetry Fig to be a symmetry not only
of 11D supergravity, but also of the moduli space space of M-theory on T'°, which is

conjectured to be the extension of expression (B.3) to D = 1:
Mg = E1o10(Z)\E1oj10/ K (E1g)10) (3.46)

the real roots appearing in the definition of the cosmological billiard are now mapped to
totally wrapped Euclidean objects of M-theory, and can be identified by computing the
action:

So[MpR;| = 2melflR2) o e Ay (E)). (3.47)

Thus, the roots of Ejg found in the preceding section, namely: w;; = ¢; —¢; € Wkkp(E1o),
Wik = €itejter € Wana(Eo), Wiy .iq = (€5, +..+€is) € Wans(Ero) and Wijr = D g 553 €1+
2e; € Wkkrm(F1o) describe totally wrapped Euclidean Kaluza-Klein particles, M2-branes,
M5-branes and Kaluza-Klein monopoles. The dictionary relating these roots of E1g to the
action of extended objects of M-theory can be found in Table [l for the highest weight of
the corresponding representation of s[(10,R) in eqp.
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Now, as pointed out in [R{], the (approximated) Kasner solution defines a past and
future spacelike singularity. On the other hand, the low-energy limit in which 11D super-
gravity becomes valid requires all eleven compactification radii to be larger than [p, and
consequently the Kasner exponents to satisfy (for a certain choice of basis for h(FE1g), which
can always be made):

O0<pio<py<...<pP1 (3.48)

so that the vector p’ is timelike with respect to the metric |p'|> =Y, p? — (3, p)® (B9).
Clearly, this does not satisfy the constraints (B.34) which require 7 to be lightlike. Such
a modification of the Kasner solution (B.33) has been argued in [R(] to be achieved if one
includes matter, which dominates the evolution of the system in the infinite volume limit
and thereby changes the solution for the geometry. This does not invalidate the Kasner
regime prevailing close to the initial spacelike singularity, since, as pointed out in [R(],
matter and radiation become negligible when the volume of space tends to zero (even
though their density becomes infinite). In the following, we will see how matter, in the
form of Minkowskian particles and branes, have a natural interpretation in terms of some
class of imaginary roots of ejg, and can thus be incorporated in the hyperbolic billiard
approach.

In particular, the inequality (B.4g) is satisfied if at late time we have
Ry >Ry, Ro>R3,..., Ry > Ry, and RgRgRip > l?y (3.49)

which can be rephrased as: (Hg, ;) > 0, Va; € II(e10). The action (B.47) related to such
roots is then large at late time, and the corresponding Euclidean objects of Table [ll can
then be used to induce fluxes in the background, and thus be related to an instanton effect.
This is in phase with the analysis in [P0, which states that at large volume, the moduli
of the theory become slow variables (in the sense of a Born-Oppenheimer approximation)
and can be treated semi-classically.

Let us now make a few remarks on the two different regimes encountered so far, the
billiard and semi-classical dynamics. In the semi-classical regime of 8.49, we are well outside
the fundamental Weyl chamber (B.43) and higher level roots of ejp have to be taken into
account and given a physical interpretation. In this limit of large radii, the dominance of
matter and radiation will eventually render the dynamics non-chaotic at late times, but the
vacuum of the theory can be extremely complicated, because of the presence of instanton
effects and solitonic backgrounds. In contrast, in the vicinity of the spacelike singularity,
matter and radiation play a negligible role, leading to the chaotic dynamics of billiard
cosmology. On the other hand, the structure of the vacuum is simple in the BKL regime,
in which the potential walls appear to be extremely sharp. It is characterized by ten flat
directions bounded by infinite potential walls, the dominant walls of the fundamental Weyl
chamber of eqg.

Finally, when 7 is timelike, it has been shown in [RJ] that the domain (B.4§) where
11D supergravity is valid can be mapped, after dimensional reduction, to weakly coupled
type IIA or IIB supergravity. For instance, the safe domain for type IIA string theory
(where all the nine radii are large compared to Is and grr4 < 1, two parameters given in
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terms of 11D quantities in eqns.(B.54)) is given by:
P10 <0 <pig+2py, and pg<ps<...<p1- (3.50)

The two domains (B.4§) and (B.50) are then related by U-duality transformations (cf.
Appendix [B).

Let us now discuss the issue of fluxes in this setup. From now on and without any
further specification, we assume that the conditions (B.49) are met. Then, in addition to the
instanton effects we have just mentioned, one can consider more complicated configurations
by turning on some components of the p-form potentials of the theory. In this case, the
action (B.47) receives an additional contribution due to the Wess-Zumino coupling of the
p-form potential to the world-volume of the corresponding brane-like object. The action
(B.47) will now receive a flux contribution which can be rephrased in algebraic terms as [53,

B1):

Mp+1
Sa(p) [MPRi;Ca(p)] — onelHr.am)) + z'Ca(p) = # /W edPtly —{—i/w Cpt1, (3.51)
p+1 p+1

where the o, are positive real roots of ¢jp given by the second column of Table fl, for

P
all possible pe)rmutations of components in the physical basis. In particular, we will have
three-form and six-form fluxes for non-zero potentials C3 and C~'6 coupling to the Euclidean
world-volumes Ws/Ws of M2-/Mb5-branes respectively. For fluxes associated to Kaluza-
Klein particle, we have the couplings Cq, , = f,y Giit1/Git1iv1dxt, i = 1,..,9, where v is
the KK-particle world-line and the internal metric g can be written in terms of our variables
R; and AijN using equations (B.I5) and (B.20). There is also a similar coupling of the dual
potential A’g to the eight-dimensional KK7M world-volume.

The moduli MpR;, i =1,..,10, together with the fluxes from p-form potentials ()
parametrize the moduli space (B.46). Furthermore, on can define the following function
which is harmonic under the action of a certain Laplace operator defined on the variables

{MpR;; Ca}fjekf(gm) in the Borel gauge of ¢1q)19, and which is left-invariant under Eyq)0:

_ (Hr,a(p)) K
\/Npexp[ 2w N, <e p)) 4 27TCQP>} .

In the limit of large radii, N, is the instanton number and this expression is an extension
to e1p of the usual instanton corrections to string thresholds appearing in the low-energy
effective theory. As such, it is conjectured to capture some of the non-perturbative aspects
of M-theory [B]].

Another kind of fluxes arise from non-zero expectation values of (p + 1)-form field
strengths. If we reconsider the effective Hamiltonian (B.3() in the region (B.49) where
instanton effects are present, we notice that the action (B.47) appears in the effective

2a(HRr) - On the other hand, since their coefficients ¢4 (F) freeze in the

potential as %Sa =e
BKL limit, we may regard them as fluxes or topology changes provided the (p 4+ 1)-form

field strengths appearing in eqns.(B.35), (B.39), (B.40) and (B.43) have, in this limit, integral
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background value:

1
T — (2m)%((+10m)iy ) :%/c 1073 € Z,
iq .7

1
G, 21 (Gyipy) =— G,cZ
Sijki — ( 7T) <—Z_]kl> I /Cijkl Gy 4,

A . 1 .
' — (2m)* ((+107°) jy 5o ) =5 / x100'y € Z
Y Ci s
J1--39

Flip = 2m(F ) = /C chy (F%) = Chy(FlyiCin)€ Z,
J
Where Cj, ., is a (p + 1)-cycle chosen along the appropriate spatial directions.

In particular, the coefficients c4(F) appearing in the potential terms (B.3§) and (B.39)
are now restricted to be integers: ca(F) — [(277)6((*10£)i1,,,~7>]2 and [(277)3<Qijkl>]2 and
generate respectively seven-form and four-form fluxes. In this perspective, the instantons
encoded in the exponential term e2waHr) = 2Hr.0m) for anp = Zmﬂi,j’k’l} &m and
anMe = an {i1,..,i7} En 8T€ understood as the process that changes the fluxes by an integral
amount.

The wall coefficient c4(F) = [27T<£ijk>]2 (B-49), on the other hand, corresponds to a
deformation of the basic torus T'° to an S! fibration of the ith direction over the two-torus

T? = {27, 2%}, in other words to the metric:

. . 12
ds’> = —(Ndt)® + Y (MpRy)*(da™)? + (MpR;)? [dxz — %Chl (FloiCir )" da
m£i

where the periodicity of z* implies z* — xi+Ch1(£i2;Cjk)xj for the fiber coordinate, all
other coordinates retaining their usual 27-periodicity. The value of c4(F') determines the
first Chern character (or Chern class, since ch; = c¢1) of the fibration, and the instanton
effect associated to the root axkv = Zli{m}k} €; + 2¢; creates an integral jump in this
first Chern number.

3.5.1 Minkowskian branes from prime isotropic roots of ¢

As mentioned in the preceding section, when considering the large volume limit (B.49) in
the domain (8.48) where 11D supergravity is valid, one should in principle start considering
higher level roots of ejp in other Weyl chambers than the fundamental one. These roots,
which, in the strict BKL limit, appear as subdominant walls and can be neglected in a first
approximation, should now be taken into account as corrective or mass terms. In [1), [I]], a
program has been proposed to determine the physical interpretation of a class of null roots
of e1g. These authors have, in particular, shown the correspondence between prime isotropic
roots and Minkowskian extended objects of M-theory, for the first levels | = 3,5,6,7,8.
On the other hand, as seen in Section B.4, the autors of [§] have developed a different
program where they identify imaginary (both isotropic and non-isotropic) bur also real
roots, with R™(DF)"™ type M-theory corrections to classical supergravity. However, these
results have been obtained in an intermediate domain of the dynamical evolution, where
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not only negative roots become leading (accounting for the fact that these higher order
corrections are described by negative roots), but where we expect quantum corrections
to be visible. In the approach of [RT]], in contrast, the regime (B.49) allows for effects
related to extended objects to become important, pointing, in the line of Section B.J, at an
interpretation for certain higher level roots in terms of branes and particles.

In the following, we give a condensed version of the correspondence between prime
isotropic roots of e1p and Minkowskian extended objects of M-theory, which can be found
in a much more detailed and ample version in [RI]], which we follow closely until the end
of this section.

First of all, since we now restrict to the region (B.4§), we are sufficiently far from the
singularity for the lapse function N(¢) to have any non-zero value. In particular, we can

gauge-fix to N(t) = Mp in expression (B.31]), which defines the conformal time:

dt
di = —5——. (3.52)
MRV ()
As we will see below, these are the "natural” units to work out the relation between prime
isotropic roots of e;9 and Minkowskian particles and branes in M-theory.

Consider, for instance two M5 instantons at times tg,,. < tq,,;; encoded algebraicly in
M5 = ((1)47 (0)47 (1)2)7 Bus = ((0)47 (1)6)

Since each of them creates a jump in their associated flux, inverting the time order to
Loy > tans Will pass one instanton through the other, thereby creating a Minkowskian
M2-brane stretched between them in the interval [tn,,;,ts,], where their respective fluxes
overlap. This M2-brane will be associated to the root Y2 = ams + Bus = ((1)8,(2)?).
Recalling that we gauge-fixed to conformal time (), the action for such an object has
to be expressed in unit of conformal time, then:

d ~ d
el a:Mg el a:2 (Hp,o) Ma:__ a:Mig -1 _(Hpg,a) .
dﬁS PthS e — 5 dtS PV e (3.53)
This expression for the mass of the object could also be deduced from the rescaling (8.37).
Thus, in particular: M.

M2

1 d

= M%RgRlo as expected from a membrane wrapped around
directions z? and x'°.

From the supergravity perspective, the instanton described by a5 will create a jump
in the flux: (27)3(Gs475) — (2m)3(Gs67s) + 1 when going from ¢ <t t0 tay, < t, while
instanton fByis induces (2m)3(G1g34) — (27)3(G1934) — 1 when ¢ passes tg,,.. Now the M2-
brane flux sourced by (27)%(G934)(Gs67s) Via the topological term [ C3 A G4 A G4 of 11D
supergravity, has to be counterbalanced by an equal number of anti M2-branes. Thus,
going from configuration tg,,, < to,, to configuration tg, > t,,, after setting both
initial fluxes to zero produces one unit of Minkowskian anti-M2-brane flux which must be
compensated by the creation of a M2-brane in the same directions, as expected.

Another process involves passing an M2-instanton ayz = ((1)2,(0)7, 1) through a KK-
monopole Bxkxrv = ((0)2,(1)%,2,1). Since the KK-monopole shifts by one unit the first
Chern class of the circular z%-fibration over the (2!, z?)-torus: Ch1(£9(2); Ci2) —>Ch1(£9(2);
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C12) + 1, it creates an obstruction that blocks the M2-instanton somewhere in the (z!, 2?2)
plane, and, by means of the fibration, produces an object at least wrapped along the z°
direction. It is not hard to see that the Minkowskian object resulting from this process
is a M2-brane wrapped around z? and the original x!°. One can check that the root
ane + Bk = vz = ((1)8,(2)?), recovering the same object as before.

Furthermore, by combining an M5-instanton ans = (0, (1)8, (0)3) shifting the magnetic
flux (27m)3(G 19 10) by one unit with an M2-instanton By2 = ((0)7, (1)3) shifting the electric
flux (2m)%((*10m)1...7) accordingly, one creates a Minkowskian KK-particle axk, = (0, (1)?)
corresponding to the following contribution the momentum in the z!' direction: P! =
[ d"0z G189 10749 1. The mass (B.53) of this object M,

interpretation.

KKo = R1_1 is in accordance with this
P

object real root Sa prime isotropic M,

KKp [(0,0,0,0,0,0,0,0,1,—1) 2n Ry Ry (0,1,1,1,1,1,1,1,1,1) Ri*
M2 | (0,0,0,0,0,0,0,1,1,1) | 2rM3RsRoR1o |(1,1,1,1,1,1,1,1,2,2)] M3RgR1o
M5 | (0,0,0,0,1,1,1,1,1,1) | 2aMPRs5--- Ry |[(1,1,1,1,1,2,2,2,2,2) MZRs5--- Ry

KK7M| (0,0,1,1,1,1,1,1,1,2) | 2rM2R5--- RoR, |[(1,1,1,2,2,2,2,2,2,3)| M2 R3 - - - RoR%,

KKOM| (1,1,1,1,1,1,1,1,1,3) |2r MRy - - - RoR3,|[(1,2,2,2,2,2,2,2,2,4)| MRy - - - RoR3,,

) ) ) ) ) ) ) ) )

Table 1: Euclidean and Minkowskian branes of M-theory on T'° and positive roots of Eyq

Similar combinations of Euclidean objects can be shown, by various brane creation
processes, to produce Minkowskian Mb-branes and KK7M-branes. To conclude, all four
types of time-extended matter fields are summarized in Table [I] by their highest weight
representative with its mass formula. At present, it is still unclear how matter terms
produced by the prime isotropic roots of Table [| should be introduced in the effective
Hamiltonian (B.36). Since the corresponding Minkowskian branes originate from creation
processes involving two instantons, as explained above, we expect such a contribution to
be [RI]: 27Tn7me<HR’7m>, where the isotropic root 7, describing the Minkowskian brane
decomposes into two real roots related to instantons v, = a. + 3, and turns on n,, =
Nq.ng, units of flux which compensates for the original n,, and ng, units of flux produced
by the two instantons. Since 7, is a root, such a term will never arise as a term in the serie
(B-44). We then expect the Hamiltonian (B.44) to be modified in the presence of matter. In
this respect, a proposal for a corrective term has been made in [P, which reproduces the
energy of the Minkowskian brane only up to a 2z-factor. Moreover, it generates additional
unwanted contributions for which one should find a cancelling mechanism.

From Table [l, one readily obtains the spectrum of BPS objects of type IIA string
theory, by compactifying along z'°, and taking the limit MpR;y — 0, thereby identifying:

M
Ryp =24 Mp = —* (3.54)

M ’ \3/ gA .
In this respect, we have included in Table [l| the conjectured KK9M-brane as the putative
M-theory ascendant of the D8, KK8A and KK9A-branes of ITA string theory, the latter
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two being highly non-perturbative objects which map, under T-duality, to the IIB S7 and
S9-branes.

Since we mention type IIB string theory, we obtain its spectrum after compactification
(B.54) by T-dualizing along the toroidal 2 direction, which maps:

1 ga

Ro B Bp=——.
o 98 = M,Ro 4

M 32R97 A ’
From the Fjg viewpoint, T-dualizing from type IIA to IIB string theory corresponds to
different embeddings of s[(9,IR) in e;g|;9. Going back to the Dynkin diagram il for r = 10,
type ITA theory corresponds to the standard embedding of s[(9,R) along the preferred
subalgebra s[(10,R) C ejq10 (the gravity line), while type IIB is obtained by choosing the
the Dynkin diagram of s[(9,R) to extend in the ag direction. This two embeddings consist
in the two following choices of basis of simple roots for the Dynkin diagram of s[(9, R):

s ={a_1,a0,...,05,a6}, I ={a_1,00,...,05,08},

which results in two different identifications of the NS-NS sector of both theories. Then,
a general T-duality on 2%, i # 10, can be expressed in purely algebraic language, as the

following mapping;:

7; : b(E;) — b(Er)

E; = —¢&;

From the o-model point of view, the type IIA and IIB theories correspond to two different
level truncations of the algebraic field strength (B.45), namely a level decomposition with
respect to (I7,lg) for type ITA, and (Ig,l7) for type IIB, [; being the level in the simple root
a; of E1g. The NS-NS and RR sectors of both supergravity theories are then obtained by
pushing the decomposition up to level (l7,l3) = (2,3) for IIA, and up to (lg,l7) = (4,2)
for TIB. See for instance [f4], where the results are directly transposable to Ejg (all roots

considered there are in fact Ejg roots).

3.5.2 Minkowskian objects from threshold-one roots of ¢

By inspecting the second column of Table [, we observe that all Minkowskian objects
extended in p spatial directions, are characterized, on the algebraic side, by adding Y_%_; e,
to the threshold vector p; = ((1)!°). For the Minkowskian KK particle, the corresponding
root of eqp is related to its quantized momentum, and one needs therefore to substract a
factor of €; to the threshold vector.

The Minkowskian world-volume of these objects naturally couples to the respective
(p + 1)-form potentials (B.47). So, in contrast to the Hamiltonian formalism (B.3(), which
treats, for a different purpose, the temporal components of the field-strengths as conjugate
momenta, one now needs to keep the time index of the tensor potentials apparent, thereby
working in the Lagrange formalism. This is similar to what is done in [[[§] where the authors

perform a component analysis of one-loop corrections to classical 11D supergravity.
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As pointed out in Section B.4, the (p+ 1)-form components separate into an oscillating
part and a part that freezes as u — 400, so that we have:

1 _ a .
P epqiqctpl"'pq — (Mt em,HR>,YP1i2 e ,quiqcuplmpq ) (3.55)

Coiy.ig = Ni© n

where we have used /g = e/#*f®)and the index 0 stands for the flat time coordinate
dz® = N(t)dt. Following the analysis of Section B.4, the component Cup; --p, can be shown
to freeze. Now, by selecting the appropriate basis vectors €5, , we observe that all imaginary
roots in the second column of Table [[] are related to a tensor component of the form (B.59)
with the expected value of ¢q. As a side remark, the minus sign appearing in the exponential
wall factor in eqn.(B.59) comes from working in the Lagrange formalism, as discussed in
Section B.j5.

For Minkowskian KK particles and M2-branes, this approach is related to performing
the e1p extension of the last two sets of roots in eqns.(B.19) by setting D = 1. When
restricting to the roots obtained by this procedure which are highest weights under the
Weyl group of s[(10,R), one again recovers the two first terms in the second column of
Table f[. Since we have not performed any Hodge duality in this case, we obtain, as
expected, roots characterizing KK particles and M2-branes.

It results from this simple analysis that it is the presence of the threshold vector p; =
((1)'%) which determines if an object is time-extended, and not necessarily the fact that
the corresponding root is isotropic. We shall see in fact when working out 0B’ orientifolds
that certain types of magnetized Minkowskian D-branes can be associated to real roots
and non-isotropic imaginary roots, provided they decompose as o« = p1 + ¢ € AL (E1),
where ¢ is a positive vector (never a root) of threshold 0, i.e. that can never be written as
¢ =np1 + ¢ for n #0.

4. Orbifolding in a KMA with non-Cartan preserving automorphisms

In this section, we expose the method we use to treat physical orbifolds algebraicly. It
is based on the simple idea that orbifolding a torus by Z, is geometrically equivalent to
a formal 27 /n rotation. Using the mapping between physical and algebraic objects, one
can then translate the geometrical rotation of tensors into purely algebraic language as a
formal rotation in the KM algebra. This is given by an adjoint action of the group on its
KM algebra given by a finite-order inner automorphism.

More concretely, let us consider an even orbifold 79/Z,, acting as a simultaneous
rotation of angle 27Q,/n, a =1,...,¢/2 in each pair of affected dimensions determined by
the charges Q, € {1,...,n — 1}. A rotation in the (2%, 27) plane is naturally generated by
the adjoint action of the compact group element exp(%“QalCij ) = exp(22Qq(Eq — Fy)) for
a = a;—2 + ...+ «j_3. In particular, rotations on successive dimensions (i + 2,7 4 3) are
generated by E,, — Fy,,. We will restrict ourselves to orbifolds acting only on successive pair
of dimensions in the following, although everything can be easily extended to the general
case. In particular, physically meaningful results should not depend on that choice, since
it only amounts to a renumbering of space-time dimensions. For the same reason, we
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can restrict our attention to orbifolds that are taken on the last ¢ spatial dimensions of

11—q
)

space-time {x ...,2'%}. In that case, we have the ¢/2 rotation operators

Vi = 62%@1 Kii—q12—¢q — G%Ql (Eag_g—Fag_,)

: (4.1)
Ve = B%Q% Ko 10 = 62%@‘1/2 (Baz —Faz)
2
that all mutually commute, so that the complete orbifold action is given by:
q/2
Ul =TJ va. (4.2)
a=1

Note that Z/{qZ" generically acts non-trivially only on generators € g., (and the corre-
sponding H, € h) for which the decomposition of « in simple roots contains at least one
of the root ag_g,...,ag for ¢ > 2 (ag and a7 for g = 2).

In the particular case of Zs orbifolds, the orbifold action leaves the Cartan subalgebra
invariant, so that it can be expressed as a chief inner automorphism by some adjoint action
exp(irH), H € hg on g. It indeed turns out that the action of such an automorphism
on g/h = @aeA(g) g depends linearly on the root o grading g, and can thus be simply
expressed as:

Ad(e™)g, = (~1)g, = (—1) X Foulilg, |
forH € hg and a = 28

1=9—r

| (4.3)
klai .

If ¢ is even, both methods are completely equivalent, while, if ¢ is odd, the determinant is
negative and it cannot be described by a pure SO(r) rotation. If one combines the action of
E, — F, with some mirror symmetry, however, one can of course reproduce the action (E)
Indeed, the last form of the orbifold action in expression ([L.J) is the one given in [Id]. The
results of [IJ] are thus a subset of those obtainable by our more general method.

4.1 Cartan involution and conjugation of real forms

In the preceding sections, we have already been acquainted with the Chevalley involution
Y. Here, we shall introduce just a few more tools we shall need later in this work to deal
with real forms in the general sense. Let g be a complex semisimple Lie algebra. If it is
related to a real Lie algebra gg as g = (go)® = go ®r €, g will be called a complexification
thereof. Reciprocally, go is a real form of g with g = gg @ ¢go. Next, a semisimple real Lie
algebra is called compact if it can be endowed with a Killing form satisfying

B(X,X)<0, VXegy (X#0), (4.4)

and non-compact otherwise.
Thus, a non-compact real form can in general be obtained from its complexification g
by specifying an involutive automorphism ¥ defined on gg, such that

By(X,Y)=—-B(X,0Y) >0, VX,Y €gy (X,Y #0)
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called a Cartan involution (the argument here is a generalization of the construction of
the almost-positive definite covariant form based on the Chevalley involution ¥¢ in Section
R.]). Tt can be shown that every real semisimple Lie algebra possesses such an involution,
and that the latter is unique up to inner automorphisms. This is a corollary of the following
theorem:

Theorem 4.1 Every automorphism ¢ of g is conjugate to a chief automorphism 9 of g
through an inner automorphism ¢, ie:

p=¢ lodod, ¢ € Int(g) (4.5)

Then, it is clear that 4 is involutive iff ¥ is involutive. In this case, the two real
forms of g generated by @ and ¥ are isomorphic, so that for every conjugacy class of
involutive automorphisms, one needs only consider the chief involutive automorphism (as
class representative), which can in turn be identified with the Cartan involution.

The Cartan involution induces an orthogonal (£1)—eigenspace decomposition into the
direct sum gg = € ®* p, called Cartan decomposition of gg, with property

J]p=1and 9], =-1. (4.6)

More specifically, ¢ is a subalgebra of gy while p is a representation of €, since: [¢, €] C ¢,
[e,p] C p and [p,p] C ¢. Finally, as our notation for the Cartan decomposition suggested, ¢
and p are orthogonal with respect to the Killing form and By.

Alternatively, it is sometimes more convenient to define a real form gg of g as the fixed
point subalgebra of g under an involutive automorphism called conjugation 7 such that

r(X)=X, 71(X)=-iX, VXegV (4.7)

then: go = {X € g|7(X) = X}.

Finally, by Wick-rotating p in the Cartan decomposition of gy one obtains the compact
Lie algebra g. = £ @1 ip which is a compact real form of g = (go)®.

Because of Theorem [T, one needs an invariant quantity sorting out involutive auto-
morphisms leading to isomorphic real forms. This invariant is the signature (or character
of the real Lie algebra) o, defined as the difference between the number d_ = dim#¢ of
compact generators and the number dy = dimp of non-compact generators (the +-sign

recalling the sign of the Killing form):
g = d+ —d_.

For simple real Lie algebras, o uniquely specifies gg. The signature varies between its
maximal value for the split form ¢ = r and its minimal one for the compact form o =
—dimg.

Defining the following linear operator constructed from 1 (see [65], p.543)

\@z%(l—%i)ﬁﬁ—%(l—z’)l, (4.8)
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satisfying V0 o VI X = 9X, VX € g., all non-compact real forms of g will be obtained
through

gdo = \/590 (4'9)

by selecting the appropriate chief involutive automorphism J.

4.2 Determining the real invariant subalgebra from its complexification

For a given orbifold T''=9=P x T9/7,, of eleven-dimensional supergravity /M-theory, the
orbifold action on the corresponding U-duality algebra in D dimensions is given by the
inner automorphism Z/{qZ”, VD. This automorphism has a natural extension to the com-
plexification (g¥)® of the split form g¥, where the appropriate set of generators describing
physical fields and duality transformations on a complex space can be properly defined.

The requirement that these new generators diagonalize Z/{qZ” and are charged according
to the index structure of their corresponding physical objects will select a particular com-
plex basis of (g¥)¥. We will henceforth refer to this algebraic procedure as ”orbifolding
the theory”.

Projecting out all charged states under Z/{qZ” is then equivalent to an orbifold projection
in the U-duality algebra, resulting in the invariant subalgebra (gin,)® = FiXqun (V)T (the
notation Fixy g stands for the fixed-point subalgebra of g under the automorphism V).

Since we expect the untwisted sector of the theory to be expressible from the non-
linear realization of Giny /K (Giny) as a coset sigma-model, we are particularly interested in
determining the reality properties of giny, the algebra that describes the residual U-duality
symmetry of the theory.

Retrieving the real form gi,, from its complexification (ginv)qj can be achieved by
restricting the conjugation ([.7) to (giny)®. Denoting such a restriction 79 = 7|, , the real
form we are looking for is given by

Jinv = FiXTo (ginvc) .

Since gV is naturally endowed with the Chevalley involution ¢, the Cartan involution
associated to the real form gj,, is then the restriction of ¥¢ to the untwisted sector of
the U-duality algebra, which we denote ¢ = v¥c¢lg,,. Consequently, the real form giny
possesses a Cartan decomposition giny = 8iny @ Piny, With eigenspaces ¢(8iny) = tiny and
®(Pinv) = —Pinv- The whole procedure outlined in this section can be summarized by the
following sequence:

uqzn U)(C

Fix 7 .
ugn Fixy 4.10
(gU’ﬁC) i N (g q )(D 0 ( )

E— (ginv - (ginv,gb) :
4.3 Non-compact real forms from Satake diagrams

As we have seen before, real forms are described by classes of involutive automorphisms,
rather than by the automorphisms themselves. As such, the Cartan involution, which we
will refer to as 1, can be regarded as some kind of preferred involutive automorphism, and
is encoded in the so-called Satake diagram of the real form it determines. The Cartan
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involution splits the set of simple roots IT into a subset of black (invariant) roots (¢(«;) =
a;) we call II., and the subset II; = IT / II, of white roots, such as

V(i) = —ap) + kaak, with ay;) € Iy and oy € 1.
k

where p is an involutive permutation rotating white simple roots into themselves and 7;x
is a matrix of non-negative integers. A Satake diagram consists in the Dynkin diagram
of the complex form of the algebra with nodes painted in white or in black according to
the above prescription. Moreover, if two white roots are exchanged under p, they will be
joined on the Satake diagram by an arrow.

From the action of 9 on the root system, one can furthermore determine the Dynkin
diagram and multiplicities of the so-called restricted roots, which are defined as follows:
for a Cartan decomposition go = €@ p, let a C p be maximal abelian. Then, one can define
the partition under a into simultaneous orthogonal eigenspaces (see [6g] for a detailed
discussion):

(90)64 = {X € go ‘ ad(Ha)X = @(Ha)X7 VH, € a} : (4'11)

This defines the restricted roots & € a* as the simultaneous eigenvalues under the com-
muting family of self-adjoint transformations {ad(Hg)|VHy € a}. Then, we can choose a
basis such that hyp = t @ a, where t is the maximal abelian subalgebra centralizing a in
. The Cartan subalgebra can be viewed as a torus with topology (S1)" x (R)™ where
ng = dima is called the R-rank. Restricted-root spaces are the basic ingredient of the
Iwasawa decomposition, so we shall return to them when discussing non-linear realizations
(see Section B.9) of orbifolded 11D supergravity /M-theory models.

We denote by X the set of roots not restricting to zero on a*. As an example, one can
choose a basis where such a set 3 reads:

1

z:{a:i(a_ﬁ(a))eawa#o} . (4.12)

Then, a real form can be encoded in the triple (a,%,ms) and mg is the function giving
the multiplicity of each restricted root, in other words mg = dim(gg)s. If we denote by II
a basis of X, all non-compact real forms of g can be encoded graphically in

I) the Satake diagram of (II, 9);
I1) the Dynkin diagram of II;
III) the multiplicities mgs, and mag, for a; € B.

On the other hand, given a Satake diagram, we can determine the real form associ-
ated to it as a fixed point algebra under 7. Indeed from the Satake diagram one readily
determines 1, and since it can be shown that there always exists a basis of b such that the
”compact” conjugation 7¢ = ¥ o 7 acts as 7(a) = —a, Ya € A, then the conjugation is
determined by 7 = —# on the root lattice.

Finally, in the finite case, the R-rank ng is given in the Satake diagram by the number
of white roots minus the number of arrows, and n. by the number of black roots plus the
number of arrows.
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5. The orbifolds T7?/Z,~»

From the algebraic method presented in Section [, it is evident that a T2 /7., orbifold on
the pair of spatial dimensions {z% 2'°} is only expected to act non-trivially on the root
spaces (gV)q C gY, characterized by all roots a containing ag and/or ay, as well as on the
corresponding Cartan element H,.

The basis of (gU)C diagonalizing the orbifold automorphism ¢/,™ with the appropriate
set of charges will be derived step by step for the chain of compactification ranging from
D =8 to D = 1. This requires applying the machinery of Section .d to the generators
of the root spaces (g¥), mentioned above and selecting combinations thereof to form a
basis of (gV)® with orbifold charges compatible with their tensorial properties. We will at
the same time determine the real invariant subalgebra gi,, by insisting on always selecting
lowest-height invariant simple roots, which ensures that the resulting invariant subalgebra
is maximal. In D = 2,1, subtleties connected with roots of multiplicities greater than one
and the splitting of their corresponding root spaces will be adressed.

For a start, we will work out the D = 8 case in detail, and then show how this
construction can be regularly extended down to the D = 3 case. The affine and hyperbolic
D = 2,1 cases require more care and will be treated separately. In D = 8, then, we
consider eleven-dimensional supergravity on T3, which possesses U-duality algebra gV =
s[(3,R) @ sl(2,R), whose complexification is described by the Dynkin diagram of as @ a;.
It has positive-root space Ay = {ag, ar, ag+ay,ag}, and its Cartan subalgebra is spanned
by {He = ey — ey ; Hr = e —eYy; Hs = (2/3)(ef +e¢ +¢Y)}. The ay factor corresponds
to transformations acting on the unique scalar Cgg 19 produced by dimensional reduction
of the 3-form field on 7.

The orbifold action on the two-torus
(2,2) — (277, e 2™/ z) (5.1)
induces the following inner automorphism on the U-duality algebra
Uy™ = Ad(e2TTr (Br=Fr)y = Ad(e_%ﬂmzs) , forn > 2.

This automorphism acts diagonally on the choice of basis for (g¥)* appearing in Table
B}, where both compact and non-compact generators have the charge assignment expected
from their physical counterparts.

The invariant subalgebra (gin,)© can be directly read off Table B, the uncharged objects
building an a; & Cce’ subalgebra, since the original as factor of (g¥)® now breaks into two
abelian generators H 2l = 9H¢+ H7 and H2 = —K.z. The total rank (here 3) is conserved,
which will appear to be a generic feature of (giny)®

The real form g;,y is then easily identified by applying the procedure outlined in eq.
(B.10). Since K.; and Kgg are already in Fix,, (ginyC) while 79(Zs.5) = —Zs.3, 70(Zs25) =
—Zg3.z and 79(K,z) = —K,z, a proper basis of the invariant real form is, in terms of
(ginv)® generators: giny = Span{2/3(Kss +2K.z); iZs.z; i Zs.: } & Span{2(Kgs — K.z)} &
Span{—iK,z}. From now on, the last two abelian factors will be replaced by H 2] and
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Qa generators

0 K.: = —%(2Hs + Hr) + £ Hg
Kss = $(2Hg + Hr) + 3 Hg
Zs.: = L(Bs + Fy), Zg.: = i(Es — Fy)
K.z =i(E; — Fy)

KSE 1 .
+1 { K. } = 55 (E6 + Fe + i(Eer + Fer))

K z )

+2 {KZ} = §(Hr +i(Er + Fy))

Table 2: Algebraic charges for S x T2 /Z,~2 orbifolds

iH2. Now, how such a basis behaves under the associated Cartan involution ¢ is clear
from Section L2 This determines the invariant real form to be s[(2,R) & so(1,1) @ u(1),
with total signature ¢ = 1. In general, the signature of the subalgebra kept invariant by
a T?" /Zy~o orbifold will be given by o(g¥) — 2n (keeping in mind that some orbifolds are
equivalent under a trivial 27 rotation).

The coset defining the non-linear realization of the orbifolded supergravity is obtained
in the usual way by modding out by the maximal compact subgroup:

SL(2,R) SO(1,1)
SU(2) Zo

In D = 7, there appears an additional simple root a5, which, in the purely toroidal
compactification, enhances and reconnects the U-duality algebra into gV = s[(5,R), follow-
ing the well known ¢, serie. The complexification (V) resulting from orbifolding the
theory calls for six additional generators: {Krz, Z7.z, K7z, 27,5} and the 2 corresponding
Hermitian conjugates, produced by acting with ad(E5 & F5) on the objects in Table [P, all
of which, together with the Cartan element K77, have the expected orbifold charges.

Beside these natural combinations, we now have four new types of objects with charge

+1, namely:

_/1 _
{ v } = 55 (s (/=) Foms & i(Eson (/<) i) . (52

so that the invariant subalgebra (giny)® is a straightforward extension by as of the D = 8

case, as can be seen in Table B Its real form is obtained from the sequence (f10) just as
in D = 8, yielding the expected giny = sl(3,R) @ s0(1,1) ® u(1), where the non-compact
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abelian factor is now generated by the combination

10
Hm :4H5+6H6+3H7+2H8 = E (K77—|-K88—K22) ) (5'3)

while, as before, u(1) = R(E7 — F7). Thus o(giny) = 2, while the total rank is again
conserved by the orbifold projection.

The above procedure can be carried out in D = 6. In this case however, the invariant
combination H!? which generated earlier the non-compact so(1,1) factor is now dual to a
root of gV = s0(5,5), namely:

HP = Hy, = (K*+ K"+ K8~ K.7) . (5.4)

Wil

The abelian factor is thus enhanced to a full s[(2, R) subalgebra with root system {£6p,},
while the real invariant subalgebra clearly becomes sl(4,R) @ sl[(2,R) @ u(1). In D = 5,
fp, connects to as giving rise to giny = s[(6,R) & u(1). The extension to D = 4,3 is
completely straightforward, yielding respectively giny = 50(6,6) @ u(1) and e77 ©u(1). The
whole serie of real invariant subalgebras appears in Table [, beside their Satake diagram,
which encodes the set of simple invariant roots IIy and the Cartan involution ¢.

5.1 Affine central product and the invariant subalgebra in D =2

New algebraic features appear in D = 2, since, in the purely toroidal case, the U-duality
algebra is now conjectured to be the affine eg;9 = Split(eg).8

The invariant subalgebra (ginv)‘D consists in the affine ¢7 together with the Heisenberg
algebra 1i(1)® spanned by {z" ® (E7 — F;),¥n € Z;c;d}. Though both terms commute at
the level of loop-algebras, their affine extensions share the same central charge ¢ = Hgy and
scaling operator d. Now, a product of two finite-dimensional algebras possessing (at least
partially) a common centre is called a central product in the mathematical literature. The
present situation is a natural generalization of this construction to the infinite-dimensional
setting, where not only the central charge but also the scaling element are in common.
Since the latter is a normalizer, we are not strictly dealing with a central product. We will
therefore refer to such an operation as an affine central product and denote it by the symbol
M. Anticipating the very-extended D = 1 case, we can write the invariant subalgebra as

the complexification
e ) i(1) = (67 @ 0(1)) /{3, d} (5.5)

where 3 = Hs, — cy) is the centre of the algebra and d = d5E7 — dy(1) 1s the difference of
scaling operators.

The real form gi,, can be determined first by observing that the non-compact and
compact generators H, and E, £ F,, (with (afaz) = 0) of the e7)7 factor in D = 3 naturally
extend to the (" + t7") ® H, and (1" ® Eo £17" ® F,) vertex operators of an affine e|g
and second, by noting that the remaining factor in the central product ¢z X (1) is in fact

8Since ¥c(8) = —d implies ¥c(d) = —d and dc(c) = —c, the split form of any KMA has signature
o =dimb.
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the loop algebra £(u(1)) whose tower of generators can be grouped in pairs of one compact
and one non-compact generator, according to 9

P2tz @ (Br — Fr)) = (2" £ 27 ") ® (Er — Fy), (5.6)

in addition to the former compact Cartan generator iHZ = E; — Fy. In short, the £(u(1))
factor contributes —1 to the signature of gi.y, so that in total: ¢ = 8. Restoring the central
charge and the scaling operator in £(u(1)) so as to write gy, in the form (B.3), we will
denote the resulting real Heisenberg algebra 1ij;(1), so as to render its signature apparent.

For the sake of clarity, we will represent gi,, in Table f| by the Dynkin diagram of
e79 © 11 (1) supplemented by the signature o(giny), but it should be kept in mind that giny
is really given by the quotient (F.§). In Table [, we have separated the D = 2,1 cases from
the rest, to stress that the Satake diagram of (Ily, ¢) describes gin, completely only in the
finite case.

Finally, to get some insight into the structure of the algebra ¢7 X 1i(1), it is worthwhile
noting that the null root of the original eg is also the null root of ¢z, as

5:a0+2a1+3a2+4a3+5a4+6a5+4a6+2a7+3a8
:040+2041+3042+4043+3Oé4+2045+068+29[)5=5E7 .

Although the root space g5 C eg is eight-dimensional, we have mult(dg,) = 7, since the
eighth generator z ® H7 of gs is projected out. The latter is now replaced by the invariant
combination z ® (E7 — Fy) whose commutator with itself creates the central charge of the
u(1), whereas the seven remaining invariant generators {z ® Hy, ;z®H;Vi=1,---,5, 8}
build up the root space 965, - In a sense that will become clearer in D = 1, the multiplicity
of dg, is thus preserved in e7 X u(1).

5.2 A Borcherds symmetry of orbifolded M-theory in D =1

In D = 1, finally, plenty of new s[(10, R)-tensors appear as roots of ejg, so it is now far
from obvious whether the invariant subalgebra constructed from ¢; X 1i(1) by adding the
node a_1 exhausts all invariant objects. Moreover, the structure of such an algebra, as well
as its Dynkin diagram is not a priori clear, since we know of no standard way to reconnect
the two factors of the central product through the extended node a_;. As a matter
of fact, mathematicians are aware that invariant subalgebras of KMA under finite-order
automorphisms might not be KMA, but can be Borcherds algebras or EALA [67, B, B9
Despite these preliminary reservations, we will show that the real invariant subalgebra
ginv in D = 1 can nevertheless be described in a closed form by a Satake diagram and
the Conjecture b.1] below, while its root system and root multiplicities can in principle be
determined up to arbitrary height by a proper level decomposition.

Conjecture 5.1 The invariant subalgebra of e1g under the automorphism L[QZ" 1s the direct
sum of a u(l) factor and a Borcherds algebra with degenerate Cartan matriz characterized

9Note that the combination used in eqn. (@) is well-defined in eg19, since it can be rewritten in the
following form: (2" @ Er F2 " ® F7) £ (27" ® Er F 2" ® Fr).
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D (H07 ¢) Ginv U(ginv)
8 . -~ sl(2,R) @ s0(1,1) )
0] X H? X iH2
o @® u(1)
B sl(3,R) @ s0(1,1)
7 o—O X HE X iH? 2
o @® u(1)
5 ag
_ sl(4,R) ®sl(2,R)
6 o0—o0—o0 o} x  iH? 3
o @ u(l)
4 as asg 0o,
5 0 O O O 0 x  iH sI(6,R) @ u(1) 1
Op; @3 0 Qs os
O,
4 O——O0—0 x  H? 50(6,6) @ u(1) 5
a3 oy Qs as
fe%
-
3 O O O O O ‘o) X iH] er7 ©u(l) 6
(051 (e} a3 (e 7] Qs asg
-
2 O0—O0—O0—O0—0—0—0 x {iﬁ[lfl} e79 © L(u(1))]-1 8
(o)) an a2 a3 oy as as nez
Br T@Ds
1 oO—0—0—0—0—0—0 x P *Biojin @ u(1) 8
o—_1 Qo [e%} [6%) as (e 7} as ag

Table 3: The split subalgebras gi,, for T9-D % TQ/Zn>2 compactifications.

by one isotropic imaginary simple root Br of multiplicity one and mine real simple Toots,

modded out by its centre

and its derivation.

As already mentioned in Section [p.J], we choose to represent, in Table f], the real form

ginv before quotientation, by the Dynkin diagram of its defining Borcherds algebra 2Byj.

Both are related through

ginv = u(1) ® *Biopn / {3,dr}
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which is an extension of the affine central product (5.5) encountered in D = 2, provided
we now set 3 = Hs — H;. We also define Hy = Hg, and d; = dg, as the Cartan generator
dual to 87 and the derivation counting levels in 3;.

More precisely, 2Big has the following 10 x 10 degenerate Cartan matrix, with rank

r=9

0 -1 0
—12—1(D

A = ’
O(D_l A(é7)

and it can be checked that its null vector is indeed the centre 3 of the Borcherds algebra
mentioned above. As for affine KMA, the Cartan subalgebra of Borcherds algebras with a
non-maximal n X n Cartan matrix has to be supplemented by n —r new elements that allow
to discriminate between roots having equal weight under Ad(H;), Vi = 1,..,n. Here, the
Cartan subalgebra of 2Bj( thus contains a derivation d; counting the level in 37, allowing,
for example, to distinguish between 237,19 B; + 6 and 26, which all have weights —2 under
H_; and 0 under all other Cartan generators dual to simple roots. However, the operator
dy is not in ejp and consequently not in gi,,, either. Hence, the quotient by {3,&} in
Conjecture p.1 amounts to identifying H; with Hs. Furthermore, since the roots a_; and
Br are connected on the Dynkin diagram, —H_; plays, already in 2B, the same role as dy
with respect to 8. So the elimination of d; by the quotient (f.7) is equivalent to identifying
it with —H_1, which parallels the treatment of H; with Hg.

These two processes reconstruct in gi,, the 8-dimensional root space (ginv)s = (925,,)5®
(92,,)8, inherited from ejo.

Formally, one decomposes:

Eg’ginv = Eg’2810 Va=1,...,7, and E?’ginv = Eg, = L (E5+a7 - E5*0f7) )
V2
and Fg, = (Eg,)" in ¢19. One should thus pay attention to the fact that although 8y ~ §
in giny, their corresponding ladder operators remain distinct.

We have chosen to depict the Borcherds algebra under scrutiny by the Dynkin diagram
displayed in Table . However such a GKMA, let alone its root multiplicities, is not known
in the literature. So at this stage, one must bear in mind that the Dynkin diagram we
associate to 2By is only meant to determine the correct root lattice for (ginv)c. The root
multiplicities, on the other hand, have to be computed separately by decomposing root-
spaces of e1g into root-spaces of (ginv)c. So we need both the Dynkin diagram of 2B;y and
the root multiplicities listed in Table [] in order to determine g;,, completely.

In order to support the conjecture .1, we start by performing a careful level by level
analysis. We proceed by decomposing e1g with respect to the coefficient of ag into tensorial
irreducible representations of s[(10, R). Such representations, together with the multiplicity
of the weights labelling them, are summarized up to level | = 6 in ag in Tables [ and .

1071 contrast to real simple roots, we expect for isotropic simple roots of a Borcherds algebra that n8; € A,
Vn € Z.
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L R(A) A dim R(A)
0 K [200000000] 55 = 45 + 10 Cartan
1 Ziiing [001000000] 120
2 Zi.ig [000001000] 210
3 K(i)j1s] [100000010] 440 = 360 + 8 x 10y,
A (K ® Z){j,.jsllknkaks] |[001000001] 1155 = 840 + 7 x 45
Ay [200000000] 55 = 10 + 45

B (K(i) ® Z)[jyju]lk1k] |[000001001] 1848 = 840 + 4 x 252

By -] [100100000] 1848 = 840 + 4 x 252
6{(K (i) @ K (j)) k- ks] 11 15) | [100000011] | 3200 = 720 + 2 x 840 + 16 x 45 + 8 x 10y

(A® Z)ijyimke] | 010001000] 8250 = 3150 + 5 x 840 + 20 x 45
Doyijrin] [100000100] 1155 = 840 + 7 x 45
Sfiyis] [000000010] 45

Table 4: Representations of s[(10,IR) in ej9 up to I =6

These tables have been deduced from the low-level decomposition of roots of e;g that can
be found up to level 18 in [f7]. Since we are more interested in the roots themselves and
their multiplicities than in the dimension of the corresponding sl(10,R) representations,
we added, in column dimR(A) of Table fl], the way the dimension of each representation
decomposes in generators corresponding to different sets of roots, obtained by all reflections
by the Weyl group of s[(10,R) (i.e. permutations of indices in the physical basis) on the
highest weight and possibly other roots. In the first column of Table [, the tensor associated
to the highest weight is defined, the highest weight being obtained by setting all indices to
their maximal values.

Note that roots that are permutations of the highest weight of no representation, or in
other words, have null outer multiplicity, do not appear in Table [, contrary to what is done
in [53]. However, these can be found in Table . The order of the orbits under the Weyl
group of 5[(10,R) is given in column OL°, in which representations of null outer multiplicity
are designated by a [0] subscript. Besides, column m contains the root multiplicities, while
column |A|? contains the squared length, which, in the particular case of ey, provide
equivalent characterizations.

For example, the representation with Dynkin labels [000001000] at level 3 is composed
of the Weyl orbit of its highest WeiNght generator K (10)[3---10] together with 8 Weyl orbits
of the (outer multiplicity 0) root K (9)3...109) for a total size 360 + 8 x 10. Similarly, the
representation [001000001] at level 4 is composed of the 840 components of the associated
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Generator o Physical basis O |m(a)||a)?
0
Ko 1o 000000001 |©000000001-1)) 45| 1 |2
1
Z(8910] 000000000 (0,0,0,0,0,0,0,1,1,1) | 120 1 2
= 2
Z[5678910] 000012321 (0,0,0,0,1,1,1,1,1,1) | 210 1 2
~ 3
K(10)(3--10] 001234531 |(@OLLLLL1L12) 360 | 1 |2
~ 3
K (2)(3.-10] 012345649 | OLLLLLLLLL |100| 8 |0
~ 4
(K(2) ® Z)(3.--10)(89 10] 012345640 | @LLLLL1,222) 1840 | 1 |2
4
Aqo10) 1923456741 (1,1,1,1,1,1,1,1,1,3) 10 1 2
K 4
(K2) @ 231001910 (1,1,1,1,1,1,1,1,2,2) |45 | 8 | O
Ao 10) 123456742
_ 5
(K2) ® ZD)gaolis-100 | g 10557063 | OCLLL222222) 80| 1 |2
5
B1oy7-.- 10] Losusessg | (WLLLLL2223) 840 | 1 |2
(K(2) ® Z)3--10]16--- 10] o (1,1,1,1,1,2,2,2,2,2) |252| 8 | 0
B6)y[7--- 10] 123457963
= 6
(K(2) ® K(10))[3.--10]3--- 10] 0135791173 0,1,2,2,2,2,2,2,2,3) | 720 | 1 | 2
= 6
(A® Z)(010)(5..- 10] Losacsines | LLL1222233) (3150 1 |2
(I?(l) ®R(10))[24m10][3m10] 6
(A®Z)[410][5.4.10] 1 2 3 5 7 9 11 7 3 (1717172727272727273) 840 8 0
D10y[4..-10]
- 6
(K(Q) ®K(2))[3...10][3...10] 0246810128 4 (0,2,2,2,2,2,2,2,2,2) 10[0] 8 0
([?(1) ® [?(10))[2...9][3... 10]
(A® Z)(34)[5-.- 10] 6
D3)(4.-.10] 1246810128 4 (1,1,2,2,2,2,2,2,2,2) | 45 | 44 |-2
(K1) ® K2))[3..-10][3-- 10]
5[3.4.10]

Table 5: Decomposition of root spaces of e1g into s[(10, R) representations
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tensor, together with 7 copies of the anti-symmetric part of A;; that corresponds to a root
of multiplicity 8 and outer multiplicity 0, for a total dimension 84047 x 45. The remaining
eighth copy combines with the (inner and outer) multiplicity 1 diagonal part Ay to form
a symmetric tensor [200000000]. Note that the A(;;) representation differs from the K ;)
one, first because the diagonal elements of the latter are given by Cartan elements and

not ladder operators as in A, and second because these two representations obviously

i5)>
correspond to roots of totally )different level, height and threshold. Clearly, isomorphic
irreducible representations of s[(10,R) can appear several times in the decomposition of
€10-

Moreover, and more interestingly, weights with different physical interpretations may
live in the same representation of ejg. In particular, the third weight K, (10)[3--10] in Table 3|
is clearly related to the corresponding Euclidean Kaluza-Klein monopole (KK7M), while
the fourth weight K, (2)[3---10], though belonging to the same [100000010] representation, cor-
responds, according to the proposal of R1] (cf. Table [l) to the Minkowskian Kaluza-Klein
particle (KKp) Go;. Similarly, the seventh weight A(1010) 1s associated to the conjectured
Euclidean KK9M-brane Wi 10)[1..- 10], While A(g1q) is interpreted as the Minkowskian M2-
brane Cyg19. To complete the list of Minkowskian objects, we have in addition the weights
Bg)[7..-10) and D(10)[4...10] related respectively to the exceptional Mb-brane Co6..10 and the
Kaluza-Klein monopole (KK7M) G 19)04...10-

After this short excursion into weights and representations of eqg, let us come back to
the characterization of 2B19. Observing that objects commuting with iHP = —iK. have
the form X (g9) — X...(1010) Or X...[910], We are naturally looking for invariant combinations
of generators of e;g with such tensorial properties. The latter can then be decomposed into
sl(8,R) tensors with Weyl orbits of order O% and identified with a root of 2B819. We have
carried out such a decomposition up to [ = 6 in ag and listed the corresponding roots of
2B, together with their multiplicities m, in Table [{.

In order to make clear how to retrieve the root system of giny from Table [, we give
in the third column the expression of a given root of 2B;g in a generalized notation for the
physical basis, denoted physical eigenbasis of e1g. This eigenspace basis is defined by!!:

1

1
EZ,:EZ, Vi:—l,...,5,8, E6 \/§(E6+Z'E67), E';:i(H7—Z(E7+F7)), (58)

so that
[Ea’,E’;/F’;] = :FZ'(EaJrcw - Eawa) ; (59)

'I? <0 and o = a, where a is a root of ¢1g in the original basis.

for all o/’s satisfying |«
In fact, all invariant generators in ejq either satisfy E, = E,, or are of the form (f.9). In
Table i, we characterize the former by their root o/ = « in the physical eigenbasis, and the
latter as the sum of a root o/ = o and —a7, to emphasize the fact that they build separate
root spaces of 2B1¢ that will merge in gi,,. Indeed, modding out 2By by {3;d} eliminates

the Cartan elements measuring the level in f; = § — o in giny, thus identifying G with 4.

"This basis will be used again for computing shift vectors in Section E
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‘l ‘ Invariant Tensor Physical eigenbasis of e1g ‘Oﬁ, a € AL (?Bio) ‘m(a)‘
0 Kirg) (0,0,0,0,0,0,1,—1,0,0)’ 200000010 1
1 Zi8910] (0,0,0,0,0,0,0,1,1,1)’ 8 00000001 1
Zigrg) (0,0,0,0,0,1,1,1,0,0)’ 500000000 1
2 Zi56789 10) (0,0,0,0,1,1,1,1,1,1)’ 00001111l !
Zi345678) (0,0,1,1,1,1,1,1,0,0) 28 |00123910] 1
3| Koyp2.-89) — Koy2--s10) |(0,1,1,1,1,1,1,1,1, 1) + (08, —1,1)'| 8 vooooo0ol 1
K (8)[3--10] (0,0,1,1,1,1,1,2,1,1)’ 168 0 01939711 1
K 2)3--10) 0,1,1,1,1,1,1,1,1,1) 8 L234391] 7
K8)[1--8] (1,1,1,1,1,1,1,2,0,0)’ 819345310/ 1
((f(~® Z)---9l(rso) (1,1,1,1,1,1,2,2,1,1) + (0%, —1,1)’| 28 1
—(K ® Z)p1...810)78 10]) 1111000
(K(2) ® Z)(3.--10][89 10] 0,1,1,1,1,1,1,2,2,2) 5600 1934399| !
(E(2) ® Z)[3...10)[678] 0,1,1,1,1,2,2,2,1,1) 280 1o uz0q]| !
(K@) ® Dpa--10]p19 10 (1,1,1,1,1,1,1,1,2,2) 1 7
A 10) 2345432
(K ®j()7[:’)'"1°””8] (1,1,1,1,1,1,2,2,1,1Y 28| 0a4e391| 7
A99) — Aq1010) (LLLLLLL 52,2 + O =L [ 1|y g !
Ags) (1,1,1,1,1,1,1,3,1,1) 8 9345311 1
((fi@Zﬁl'”g”“'”g} (1,1,1,2,2,2,2,2,1,1) + (0%, —1,1)'| 56 1
—(K ® Z)[1...810][4.--810]) 1123210
(K(2) ® Z)(3..-10][5-- 10] 0,1,1,1,2,2,2,2,2,2) 20| 10354390 !

Table 6: Decomposition of root spaces of 281 in representations of sl(8, R).
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5 (K(Q) ®Z)[3---10][3---8] (0=172=2=272=2=271=1)/ 56 01357531
B 1,1,1,1,1,1,2,3,2,2) 56 3
(&7 10] 11,1,1,1,1,2,3,2,2) 12345322
) 0 4
B(g)[smg] (1,1,1,1,2,2,2,3,1,1) 280

B9)678 9] — B(10)[678 10] (1,1,1,1,1,2,2,2,2,2)" 4 (08,—1,1)’ | 56

(f((z) ® Z)[S---IO][IG---IO] 0 3
1,1,1,1,1,2,2,2,2,2) 56
B6)[7--- 10] ( ) 12345432
(I?(Q) ®Z)[3---10][14---8] 0 4
(1,1,1,2,2,2,2,2,1,1) 56
Bay[s. - g 12357531
(K & K))iz--10)p2--9 (0,2,2,2,2,2,2,2,2,2) + (0%, ~1,1)| 8 | > 0 000
—(K®K(1o))[2...g 10][2...310]) 00000
0 4

(K(2) ® K(8))[3..-10)(3--- 10] (0,1,2,2,2,2,2,3,2,2)' 336

((f(@) I~((9))[1---9][3---10]

—(K® f((lo))ums 10][3---10])
(A® Z)(39)(3..- 79] (1,1,2,2,2,2,2,2,2,2) + (0%, -1,1)"| 28
_(A®Z)[810][3---710])

D(9(3..-9) — D(10)[3---8 10]

(I?(Q) ® %(8))[3---10][1... 8]

~ 5
/
(A® D)o o8 (1,2,2,2,2,2,2,3,1,1) 56| 4c e
D(g)(2---)
= 3
(A® Z)910)[5-- 10] (1,1,1,1,2,2,2,2,3,3) 019346543
= 0 4
(A® Z)(78)[5.-- 10] (1,1,1,1,2,2,3,3,2,2)/ 4200 93464302
. , 0 5
(A® Z)rsys... (1,1,2,2,2,2,3,3,1,1) 420

((A® Z)(s0)(a... 89]

= (1,1,1,2,2,2,2,3,2,2) + (0%, —1,1)"|280
—(A® Z)(s10)[4---810])

(K ® K)p-ojz-9]

o3 (2,2,2,2,2,2,2,2,1,1) + (08, ~1,1)| 8
—(K ® K1) 10][2---810])

(K(2) ® K(2))[3.--10)[3--- 10] 0,2,2,2,2,2,2,2,2,2) 8

Table 7: Decomposition of root spaces of 2By in representations of s[(8, R)
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(f?® f?(10))[1~<9][3m10]
(A® Z)(34)[5m 10]

0 4
0 D3)pa---10) (1,1,2,2,2,2,2,2,2,2)'|28) |, , 68642 |°
(K ® K(2))13.--10](3--- 10]
S[S---IO]

(I? ® [?(8))[1...79 10][1-- 8]
(A® Z) ()-8
Daype-s) (2:2,2,2,2,2,2,2, 1,1/ 1 (2) 168 150 741
(K ® K(1))[.--9[2--- 810]
Sis)

Table 8: Decomposition of root spaces of 2Bjg in representations of sl(8, R)

As an example, consider the fourth and sixth root at [ = 4 in Table [ Both are
identified in (ginv)c:

(1,1,1,1,1,1,1,1,2,2)" 4+ (0%, =1, 1) ~ (1,1,1,1,1,1,1,1,2,2)’

so that their respective generators: Agg — A1910 on the one hand, and Ag1¢ plus 6 combi-
nations of operators of the form IN([I___E___gg 1090 ® Zig10)s ¢t = 1,...,6 on the other hand, are
now collected in a common 8-dimensional root space (giny)o for « =d+a_1+...+as+as.
As a result, the root multiplicity of § + a_1 + ... 4+ a5 + ag is conserved when reducing
¢10 to (giny)¥, even though its corresponding root space is spanned by (partly) different
generators in each case. We expect this mechanism to occur for all imaginary roots of giny-.

On the other hand, the multiplicity of isotropic roots in 2By splits according to 8 —
1+ 7, in which the root space of multiplicity one is of the form (f.9). Likewise, imaginary
roots of e1g of length —2 split in 2By as 44 — 8 + 36, and we expect, though we did not
push the analysis that far, that imaginary roots of length —4 will split as 192 — 44 + 148.
Generally, we predict root multiplicities of 2Bjg to be 1, 7, 36, 148, 535, 1745,... Although
not our initial purpose, the method can thus be exploited to predict root multiplicities of
certain Borcherds algebras constructed as fixed-point algebras of KMAs under a finite-order
automorphism of order bigger than 2.

Finally, a remark on the real gi,,. As anticipated in eqn. (f.7), the Borcherds algebra
involved is actually the split form 2810|11. Its reality properties can be inferred from the
affine case, which has been worked out in detail in section [.1], and the behaviour of the
generators By, = (1/V2)(Enstar — Ens—ar) and F,g, = (E,s,)" under the restriction ¢.

Since ¢(Enp,) = —Fn3, and ¢(F,5,) = —E,3,, both sets of operators combine sym-
metrically in the usual compact and non-compact operators E, 3, F F},3,. Moreover, the
Cartan generator H; has to match the reality property of Hs to which it gets identified
under relation (b.§), and must therefore be non-compact in 2B1g, which agrees with the
definition of the split form 2810‘11.

As in the affine case, the signature of gi,, remains finite and is completely determined
by the reality properties of the Cartan subalgebra. Taking into account the quotient (f.3),
the signature is o = 8.
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6. The orbifolds T*/7Z,-

In this section, we will treat the slightly more involved orbifold 77— x T*/Z,, for n > 3.
A new feature appears in this case: the invariant subalgebras will now contain generators
that are complex combinations of the original ejy generators. If the orbifold is chosen to

8

act on the coordinates {z”, 2%, 2%, 210}, it will only affect roots containing vy, as, ag, ay or

ag, and the corresponding generators. This orbifold should thus be studied first in D = 6
where gV = s0(5,5), with the following action on the complex coordinates:

(21721) _ (eQWi/nzlje—Qm'/ngl)’ (22722) _ (e—2m‘/n227627ri/n22) ] (6.1)

In other words, we choose the prescription Q1 = +1 and Q2 = —1 to ensure ), Q; = 0.

2
. Do, —2mi0, K, 5 . e
The rotation operator U; ™ = H e~ n k2% with the above charge prescription leaves
k=1
invariant the following objects:
Qa=0 K = 2(5H4 + 6Hs + 4Hg + 2H7 + 3Hg) ,
K,z = 5(Ks5 + Kg) = 1 (Ha + 4Hs + 4Hg + 2H7 + 3H3)
K.ys, = 3(K7+ Kg) = 1(Hy + 2Hs + 3Hg)

Kilig / %’CilbaTZQ 1
= 7(Es6 — Eer(+/—)(F56 — For)
{ K. ./ %szz 4(

+i(Es + Eser(+/—)(Fs + Fse7)))
Zgnz | 52622 (Eus26278(+/—) Fas26278)
Zornzs | 526205 = 5(Bass(+/—)Fuss)

262122/%262122 1
1 = 1 (Bus2678 — Fases(+/—) (Fus2e7s — Fuses)
Z621Z2 / 526,2122

i
2
i
2

+i(Eys268 + Fis268(+/ =) (Easers + Fasers))) -
Koz = i(Es — F5), K.z, =i(E7 — F7).

(6.2)
Thus giny has as before (conserved) rank 5. Note that the invariant diagonal metric elements
are in fact linear combinations of the three basic Cartan generators satisfying as(H) =
a7(H) =0, namely {2H4 + Hs, H5 + 2Hg, H; + 2Hg + H7}. Furthermore, we have various

charged combinations:

Qa=+1| K¢z [/ 3Kez = ﬁ(E4(+/—)F4 + i(Ess(+/—)Fa5))
Kezy [ 3K62 = ﬁ(E456(+/—)F456 — i(Eas67(+/—) Fase7)) » (6.3)
Zosim | 5Z0mm = ﬁ(E568(+/—)F568 + i(Esers(+/— ) Fre7s)) 5
(

2212252 / %2512222 = ﬁ - (E8(+/_)F8) + Z‘(E58(‘i‘/_)1:1£’;8)) 5
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and their complex conjugates with Q4 = —1, along with:

QA =+2 K2121 = %(H5+Z(E5 +F5)) )
KZ2Z2 = %(H7_7/(E7+F7)) )
Kz2 [ $K512 = §(Ess + Eer(+/—)(Fs6 + Fer) (6.4)

—i(Es6r — Eg(+/—)(Fse7 — F)))
Zos125 | 3262120 = 3 (Euseers + Eases(+/—) (Fuszers + Fises)
—i(Eys268 — Easers(+/—)(Fus2es — Fisers))) s

and complex conjugates (Q4 = —2). Note that these five sectors are all different in

T4/7,, for n > 5, while the two sectors with Q4 = 42 will clearly have the same charge
assignment in 7% /Z4. Finally, the orbifold 7% /Z3 merges, on the one hand, the two sectors
with Q4 = 2,—1 and, on the other hand, the two remaining ones with Q4 = 1, —2, giving
rise to three main sectors instead of five. In string theory, these three cases will lead to
different twisted sectors, however, the untwisted sector and the residual U-duality algebra
do not depend on n for any n > 3. The n = 2 case will again be treated separately.

For clarity, we will start by deriving the general structure of the (complex) invariant
subalgebra, leaving aside, for the moment being, the analysis of its reality property. To do
so, we perform a change of basis in the Q4 = 0 sector, separating raising from lowering
operators. Let X, = (1/2)(E, + F,) be the generator of any field element of g, we will
resort to the combinations X1 = X, + %Xa =FE, and X, = X, — %Xa = F, to derive
(ginv)T. First, the following generators can be shown to form a basis of the non-abelian
part of (giny)®:

Ed - _iE458 = Zgrizzz ) F5 = iF458 = ZGT"?E? ’
1 .
Eoy = 5 (Ese — Eor £ i(Ese7 + Es)) = (Keiz /[ Kaz) ™ (6.:5)
1

ar = 56 — For) T i(—Fse7 — Fg)) = (K2 2,/ K55,) -

Computing their commutation relations determines the remaining generators of the alge-
bra (for economy, we have omitted the lowering operators, which can be obtained quite
straightforwardly by F, = (Eq)"):

. 1 )
Egia, = £[E5,Ea,] = 3 (Ess2678 — Eases + i(Easers + Egs26s))
= (265152/Z62122)+ )
Eoz,-i—&—i—ouri [EOéfaEd(H—Ouﬁ] = —iEy526278 = (265121)+ )
Hy = [Eg, F5| = (Hys+ Hs + Hg),
. 1 , (6.6)
Hai:[Eoz;taFozi] = §(H5+2H6+H7iZ(F5—E5+F7—E7)),

H&+ai = [EaJer:l:a F&+ai]
1
= 5(2H4 + 3Hj5 + 2Hg + Hy + 2Hg T i(E5 — Fs + B — Fy)),

Ha,+&+a+ = [Eocf—l—&—l—aqua,—f—&—i—ajL] = Hy+2H5+2H¢ + H7 + Hg.
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which shows that the non-abelian part of the complexified invariant subalgebra is of type
as >~ 03.

The rest of the @4 = 0 sectors combines into two abelian contributions, so that the
whole D = 6 (giny )T reads

#BoC¥ ©  0—0—0 x {Hs— Hi} x {Bs—F;5— E;+Fr}
a_ o« oy
Concentrating on the non-abelian 03 part of the real form gi,,, we remark that it can be
chosen to have Cartan subalgebra spanned by the basis {i(Ha+ —H, ); Hy; Hy, + Ha_}
compatible with the restriction Fix,, (giny"). Since, in this basis, all ladder operators com-
bine under ¢ into pairs of one compact and one non-compact operator, the signature of the
real 03 is again completely determined by the difference between non-compact and compact

Cartan generators: since i(H, H,_) is compact while the two remaining generators are

n
non-compact, o(93) = 1, which determines the real form to be su(2,2) ~ so0(4,2). The
reality property of the invariant subalgebra is encoded in the Satake diagram of Table [

In addition, the two abelian factors appearing in the diagram above restrict, under
Fix,, to H¥ = Hy—H, and iH = (E5— F5— E;+F;) and generate so(1, 1)@u(1), similarly
to the 72 /7~ case. Their contributions to the signature cancel out, so o(giny) = 1

If we refer to the Satake diagram of Table [], we note that in contrast to the split case,
the arrows now joining the roots ay and a_ indeed change the compactness of the Cartan
subalgebra without touching the ”split” structure of the ladder operators. Moreover, the

combinations i(H, H,_)and H, . +H,_ are now directly deducible from the action of

n
¢ on the set of simple roots.

Finally, as will be confirmed with the T°/7Z,,~» orbifold, if the chief inner automorphism
Z/IqZ" produces k pairs of Cartan generators in (giny ) taking value in b(e,r) £ik(e,), there
will be k arrows joining the dual simple roots in the Satake diagram.

Compactifying further to D = 5, the additional node a3 connects to & forming a 04
subalgebra. As in the T2/7Z,~2 case, this extra split a; will increase the total signature
by one, yielding the real form so0(5,3). Since ag(Hg — Hy) # 0, the non-compact Cartan
generator H* commuting with so(5,3) @ u(1) is now any multiple of H¥ = 2H3 4+ 4H, +
3Hs + 2Hg + Hr.

In D = 4, a new invariant root v = ag + 2a3 + 3ay + 3as + 206 + a7 + ag € At (er)
appears which enhances the so(1,1) factor to si(2,R). The reality property of the latter
abelian factor can be checked by rewriting v = ag + 2a3 + 204 + a5 + a— + &+ a4, which
tells us that ¢(y) = —v. In D = 3, the additional node «; extending gi,y reconnects 7 to
the Dynkin diagram, resulting in s0(8,6) @& u(1).

6.1 Equivalence classes of involutive automorphisms of Lie algebras

Before treating the affine case, we shall introduce a procedure extensively used by [67],
§14.4, to determine real forms by translating the adjoint action of the involutive automor-
phism on the generators by an exponential action on the root system directly.

Our concern in this paper will be only with real forms generated from chief inner
involutive automorphisms, in other words involutions which can be written as ¥ = Ad(eﬁ)
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for H € h©. In this case, a matrix realisation of the defining chief inner automorphism,
denoted ¥ = Ad(ef!) will act on the compact real form g, as:

cosh(a(H)) isinh(a(H))
=1, 22 o ,  YaeAyp. 6.7
@ anA <—z sinh(a(H) cosh(a(H)) “ * (6.7)
Being involutive 92 = 1 implies cosh(2a(H)) = 1, leading to

M) = 41, VaeA, . (6.8)

In particular, this should hold for the simple roots: eoi(H) = +1, Vo, € II. Then, how one
assigns the +-signs to the simple roots completely determines the action of ¢ on the whole
root lattice (B-§). For a r-rank algebra, there are then 2" inner involutive automorphisms,
but in general far less non-isomorphic real forms of g.

We are now ready to implement the procedure (f.9), first by splitting the positive root
system A into two subsets

Ay = {a e Ay | o) = il} (6.9)

and then by acting with the linear operator (f.§) in its matrix realisation ([.7) on the base
of g.. Then, the eigenspaces with eigenvalue (1) can be shown to be spanned by

t = Span {iH,,, Yo € II; (E, — Fy) and i(Eq + F,), Yo € Ay} (6.10)

and

p = Span {i(Eq — Fo), (Eq + Fo), Yo € Ay} . (6.11)

In this approach, the signature determining all equivalence classes of involutive automor-
phisms (6.§) takes the handy form

—o=Trd = (r+2 > cosh(a(H))) =r+2(dim A — dimA_y)) . (6.12)

acAt
6.2 A matrix formulation of involutive automorphisms of affine KMAs

This analysis can be extended to real forms of affine extension of Lie algebras. The general
method based on a matrix reformulation of the involutive automorphism has been devel-
oped in [6] and successfully applied to the Xm Er, ér and lA?r cases in [p9-[3. Here, we
will only present the very basics of the method, and refer the reader to these articles for
more details.

There are two ways of handling involutive automorphisms of untwisted affine Lie alge-
bras. The first (classical) one is based on the study of Cartan-preserving automorphisms.
Since every conjugacy class of the automorphism group contains at least one such automor-
phism, one can by this means arrive at a first classification of the involutive automorphisms
of a given affine KMA. This procedure would be enough for determining all real forms of
a finite Lie algebra, but would usually overcount them for affine KMA, because in this

case some Cartan-preserving automorphisms can be conjugate via non-Cartan-preserving
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ones within Aut(g). This will obviously reduce the number of conjugacy classes and by the
same token the number of real forms of an untwisted affine KMA. A matrix formulation
of automorphisms has been proposed in [f§ precisely to treat these cases.

The first method takes advantage of the fact that Cartan-preserving automorphisms
can be translated into automorphisms of the root system that leave the root structure of g
invariant. Let us call ¢ such an automorphism acting on A(g). It can be constructed from
an automorphism ¢( acting on the basis of simple roots II(g), for rkg = r, as ¢g(a;) =

>ici(¢o)/ aj for i =1,...,7. ' Define the linear functional Q € P(g) such that
0) =1, Bos) = dola) — (Gols)| b, Vi=1,..,1. (6.13)
with (a;|Q?) = n; € Z. This automorphism will be root-preserving if
pw==+1, and (gbo)ij €Z.

All root-preserving automorphisms can thus be characterized by the triple Dy = {0, 2, i1},
with the composition law:

Dy, Dy, = {(¢1)0 - (92)0, k2l + (¢1)0(Q22), papa} (6.14)

The action of ¢ lifts to an algebra automorphism 4. The first relation in expression
(6.13) implies ¥4(c) = pc, while we have:

06(2" @ Eq) = Cong 20D @ By ),

(6.15)
79¢(Zn & Ha) =Chs 2" ® H¢0(a) , 19¢(d) =pud+ Hq — %]Q\Qluc.

on the rest of the algebra. By demanding that 9, preserves the affine algebra (B.12), we
can derive the relations, for a and 8 € A(g): CpnsCims = Clmin)s) Catns = CnsCa, and
NogCaip = J\/¢O(a),¢0(5)Can with Cp = 1 and C_, = C;!. The condition for g to be
involutive is analogous to the requirement ([.§), namely

e =41, Vi=0,1,.,r,

where i = 0 is this time included, and H = Y ¢; H; + cqd, with ¢;,cq € C. B
In particular, for a Cartan-preserving chief inner automorphism of type 9 = e2d) | we

have:

=1, Q=0, w=1, Ca:eo‘(ﬁ),VaeA(g). (6.16)

Possible real forms of an untwisted affine KMA are then determined by studying conjugacy
classes of triples Dy, for various involutive automorphisms ¢. However, from the general
structure (p.1¢), we see that a chief inner automorphism cannot be conjugate through a
Cartan-preserving automorphism to an automorphism associated with a Weyl reflection,
for instance. They could, however, be conjugate under some more general automorphism

(note that this could not happen in the finite context). The above method might thus lead

12Not to confuse with the Cartan involution acting on the root system, as given from the Satake diagram.
In the finite case, if ¢o is non-trivial, it typically corresponds to outer automorphisms of the algebra.
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to overcounting the number of equivalence classes of automorphisms, and consequently, of
real forms of an affine Lie algebra.

This problem has been solved by a newer approach due to Cornwell, which is based
on a matrix reformulation of the set of automorphisms for a given affine KMA. Choosing
a faithfull dp-dimensional representation of g denoted by I', we can represent any element
of L(g) by A(2) =>1_1 > _a,b2"®T(Xy), for X;, € g. Then any element of g may
be written as:

A(2) = A(2) + pec + prad
where the + are clearly not to be taken as matrix additions.

It has been pointed out in [f§ that all automorphisms of complex untwisted KMAs
are classified in this matrix formulation according to four types, christened: type la, type
1b, type 2a and type 2b.

A type la automorphism will act on A(z) through an invertible dr X dp matrix U(z)
with components given by Laurent polynomials in z:

-1 1 dz d
0(A(2)) =U(2)A(uz)U(2)"" + po 2(]§izTr K% In U(z)> A(uz)} c, (6.17)

where Ar is the Dynkin index of the representation, and u € C* (this parameter cor-

responds, in the preceding formulation, to a Cartan preserving automorphism of type
Y = ead(d)). The remaining three automorphisms are defined as above, by replacing
Auz) — {—A(uz); A(uz=1); —A(uz=1)} on the RHS of expression (p-17) for, respectively,
type {1b;2a;2b} automorphisms.

Here the tilde denotes the contragredient representation —TI'. The action on ¢ and d is
the same for all four automorphisms, namely:

SD(C) = pe,
o(d) = p@U(2)) + Ac+ pd
with 4 =1 for type la and 1b, and u = —1 for type 2a and 2b, and the matrix:
1
(U(z)) = _Zdiz InU(z) + ETT <Zdiz In U(z)> 1. (6.18)

An automorphism ¢ can then be encoded in the triple: D, = {U(z),u, A}, and, as be-
fore, conjugation classes of automorphisms can be determined by studying equivalence
classes of triples Dy. In this case, the more general structure of the matrix U(z) as com-
pared to ¢g, which acts directly on the generators of g in a given representation, allows
conjugation of two Cartan-preserving automorphisms via both Cartan-preserving and non-
Cartan-preserving ones.

Finally, the conditions for ¢ to be involutive are, for type la:

w? =1, (6.19)
and
U(z)U(uz) = ¢2*1, withkeNand¢eC,
1 dz d (6.20)
A= o Q(bizTr [(a 1nU(z)> @(U(uz))} .
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For a type 1b automorphism, the first condition (p.19) remains the same, while we have to
replace U(uz) — U(uz)~! and ®(U(uz)) — —®(U(uz)) in the two last conditions (.20).

Involutive automorphisms of type 2a and 2b are qualitatively different since they are
already involutive for any value of u (so that condition (§.19) can be dropped), provided
the last two conditions (f.20]) are met, with the substitutions U(uz) — U(uz~!) in the first
and ®(U(uz)) — ®(U(uz"1)) in the second one for type 2a, and U(uz) — U(uz=1)"! in
the first and ®(U(uz)) — —®(U(uz"1)) in the second one for type 2b. In both cases, we
are free to set u = 1.

When studying one particular class of involutive automorphisms, one will usually com-
bine both the method based on root-preserving automorphisms and the one using the more

elaborate matrix formulation to get a clearer picture of the resulting real form.

6.3 The non-split real invariant subalgebra in D = 2

The affine extension in D = 2 yields a real form of 97 M #i(1). We will show that this
real form, obtained from projecting from ey all charged states, builds a 50(8,6) M (1),
where, by 50(8,6), we mean the affine real form described by the D = 2 Satake diagram of
Table ] as determined in [74]. The proof requires working in a basis of gi,, in which the
Cartan subalgebra is chosen compact. It will be shown that such a basis can indeed be
constructed from the restriction (gi, )TN egj10- Then, by determining the action of ¢ on the
latter, we will establish that, following [64], the vertex operator (or Sugawara) construction
of giny reproduces exactly the Cartan decomposition of §6(8,6) expected from [[[3]. Finally,
we will show how the reality properties of 07, entail, through the affine central product,
those of the 1i(1) factor.

Concentrating first on 97, we follow for a start the matrix method outlined in the pre-
ceding Section [6.3. In this case, the automorphism (6.17) restricted to the transformation
A(z) — U(2)A(2)U(2)~! has to preserve the defining condition:

A(2)TG + GA(z) =0,

where G is the metric kept invariant by SO(14) matrices in the rep I'.

We start by choosing, for 9; C 07, the 14-dimensional representation given in Ap-
pendix [J with Dynkin index - = 1/v/42, whose generators will be denoted T'(E,) and
I'(H;). The affine extension of these operators is obtained as usual by the Sugawara con-
struction, and the involutive automorphism U(z) will be represented by a 14 x 14 matrix.
This representation I' is in fact equivalent to its contragredient one —T in the sense that
one can find a 14 x 14 non-singular matrix C' such that:

I(X)=-CT(X)C™', VX €oy.

One readily sees from eqn. (f.17) and subsequent arguments that, in this case, type 1b and
2b automorphisms coincide respectively with type la and 2a, which leaves us, for 97, with
just two classes of involutive automorphisms, characterizing, roughly, real forms where the
central charge ¢ and the scaling operator d are both compact or both non-compact.

Since we do not expect the restriction ¢ of the Chevalley involution to giny to mix levels
in ¢ in this case, this in principle rules out all involutive automorphisms of type 2a, which
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explicitly depend on z. In turn, it tells us that the central charge and the scaling operator
are now both compact in gi,,, contrary to, for instance, the T7 x T2 /Z,,~» case analyzed in
Section i, and will be written ic’ = iH, &, = 1c and id’. Neither is the involution ¢ likely to
involve different compactness properties for even and odd levels in §. These considerations
lead us to select u = +1. The z-independent automorphism of type la with © = +1 which
seems to be a good candidate, in the sense that it reduces to s0(8,6) when we restrict to
the finite Lie algebra 97 C 07, is

U(Z) =14 (—16) ® 1y, (6.21)

so that eq.(B.17) reduces to ¢(A(z)) = U(2)A(2)U(z) .

Obviously, we have ®(U(z)) = 0 from expression (f.1§) and the condition (f.2() for
the automorphism to be involutive determines A\ = 0. Now, since both central charge
and scaling operator are compact in the new primed basis, we have p = 1. All these
considerations put together lead to:

o(id) =i, o(id') = id', (6.22)
from which we can determine the two triples:
D, = {14 ® (—16) ® 14;+1;0} < Dy = {17;0;+1} ,

the structure of Dy clearly showing that we are dealing with a chief inner involutive auto-
morphism. A natural choice for the primed basis of the Cartan subalgebra of 07 is to pick
it compact, so that its affine extension b = {iH/,... iH}, ic,id'} is compact, as well.

We will check that the real form of 97 generated by the automorphism (6.21) and the
one determined by the Cartan involution ¢ are conjugate, and thus lead to isomorphic real
forms. Let us, for a start, redefine the basis of simple roots of 97 C giny appearing in Table

fr=a, h=a, f=ar, f=a3, B=az, =, (=7 Bo=a.
(6.23)
The lexicographical order we have chosen ensures that the convention for the structure
constants is a natural extension of the D = 6 case. As for ¢g, we introduce an abbreviated
notation Eg,198:428,+8,+28:4+8; = Fe52421023. Conventions and a method for computing
relevant structure constants are given in Appendix [J.

We can now construct the compact Cartan subalgebra b by selecting combinations of
elements of 97 C 07 C ginv Which commute and are themselves combinations of compact
generators of eg;9. The Cartan generators in this new basis are listed below, both in terms
of 97 C (giny)¥ and eg C gV generators:

ZHi = ’L(Ez + Fz) = Fyss — Fiuss,

7

iHy = 5 (m(Hz — Hy) — Ey — Fy — E133 — Fia3)

— N

—(m(Bs — F5 4+ Er — Fr) — Eyss + Fiss — Egs2g278 + Fuszee7s)

[\)
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J—y . _
iHy = i(F123 + F123) = Egs26278 — Fasee27s

(772(E5421223 — Fyg21923) — iﬁl(HQ —Hy) - E5 + Fé)

1
= — = (n2(Easszs362782 — Fosazsseers?) + i (Es — Fs + Er — Fr) + By — Fa), - (6.24)

iH) =

DO | —

2
ZHé: Ei—FQEEQ—FQ,
. 1
iHg = 3 (13(Erg252421023 — Frezs2421923) — Er + Fr — Es + Fs — o (Esg21923 — Fraz1923))
1
= ) (773(E€E8 - FGES) + By — Fy + Ey — Fy — ma(Eazy2s862782 — F23425362782)) )

iH, = B, —F,=E,— F,,

where the factors n; = £1, Vi = 1,2, 3, determine equivalent solutions.
The Cartan generator attached to the affine root [ is constructed from the above
(6.24) in the usual way:

7/ .
iHy = ZH&D7 — n3(Ere252421923 — Fre252421923)

= id + 773(E9E8 — FgEg) s

which commutes with § (5.24) and is indeed compact, as expected from expression (5.29).
We find the associated ladder operators by solving the set of equations [H 3/‘7 E;] = AQEQ ,
[Ej, Fj] = 6ijH] and [E}, Ej] = N ;Ej; (the corresponding commutation relations for the
lowering operators are then automatically satisfied). Here we write E; = Eﬁ; and F, z, =F_ 3!
for short, for the set II' = {3, ..., 35} of simple roots dual to the Cartan basis (f.24). Thus:
Ei/Fi = Hg F (Ez — Fz) = H458 + i(E458 + F458) s
Ey = By — Fs —m(Fig — F3) = Ea_ — Fo, = m(Fo_ta — Faya,),
E3/Fy = Higs T (E1o3 — Fla3) = Huzzgers £ i(Egs2g278 + Fasers) (6.25)
E} = Ey3019) + 1Esaa3012) — M2(Fi2003) + i1Fsa(12003)) ,  for m = £1,
Eé/Fé = H& + Z(Eé + Fé) =Hy, + Z(EQ + FQ) ,

together with F/ = (E!)T, for i = 2,4. In the expression in (6.25) for E} , the < gives the
two possible values of the last two indices depending on the choice of 7;1 = +1. It can be
checked that [Ej, E)] = 0.

The raising_ope_rator E{ is independent of n; and takes the form:

Eg = (Eg + iEgs — 1Bz + Ergs) + m2m3(Fe + iFgs — iFr6 + Frs)

—n2(iEgpa21223 + Bgs2421923 + Ergsaz1023 — 1B7652421923) (6.26)

—n3(iFg5421023 + Fos2421023 + Fresaz1223 — 1Fre52421923)

the corresponding lowering operator is obtained from the above by hermitian conjugation.
Moreover, it can be verified after some tedious algebra that indeed [E}, Eg] = 0. Note that
we have translated the primed generators into eg ones only when the ;Xp;ession is not too
lengthy. Hereafter, such substitutions will be made only when necessary.
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The two remaining pairs of ladder operator enhancing dg to 97 are:

Ey/Fy

HZ + Z(EZ + Fz) = I{,y + Z(E»y + F,y) s
—n3t*' @ (Hy,, Fi(Ey,, + Iy, )) (6.27)
=3t ® (Hop, T i(Eop, + Fop,)) s

where 0, = 87 + 2(8s + 35 + B4 + B2) + B1 + Bs-

At this stage it is worth pointing out that the affine real form gy, is realized as usual
as a central extension of the loop algebra of the finite (97)¢ which may or may not descend
to a real form of 07 (in our case, it does since it will be shown that (97)g = 075)

ginv/L(u(1)) = R[t,t 7] @ (07)0 ® Rid @ Rid' .

The difference is that we are now tensoring with an algebra of Laurent polynomials £ =
R[t,t!] in the (indeterminate) variable ¢ defined as follows

1
1+

t= %((1 —i)+ (1+i)dc)z = (1+idc)z. (6.28)

The second term of the equality (p.2§) is clearly reminescent from the operator Vi (E9).
The inverse transformation yields:

(1+ i)t + /2i(2 — 2) . (1+4)t — /2i(12 = 2)
> , .

2%

w
Il
I
I

On can check that under the Chevalley involution: ¥¢(t) = t and 9o (t~1) = ¢~1. Moreover,
using

"= i (1)

one can check that ¥¢(t") = t" ¥n € Z*, as required by the affine extension of the basis
(6-246.27), which will become clearer when we give the complete realization of the real
ginv/L(u(1)) (B-33-639).

Finally, we may now give the expression of the compact scaling operator in the primed

basis:
1+
id = (Hic)z id
(1 —did¢)z
which can be shown to be Hermitian.
Now that we know the structure of the generators E and F/, i = 0,...,7, we are

in the position of determining Fix,,(97) and, by acting with ¢ on the latter, are able to
reconstruct the eigenvalues of the representation ¢ = Ad(eﬁ) of the Cartan involution on
the basis (.10)-(.11), namely ¢ - (97)5 = e (H) (07)g, with ePiH) = 41, Ve e IT'. We
will then show that the four automorphisms determined by this method corresponding to
all possible values of 7;, i = 1,2, 3, are conjugate to the action of the U(2) given in (f.21)
on the representation I' of 07.
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Reexpressing, for instance, the second line of the list (6.25) in terms of the original
basis (.5) and (B.§), and taking Fix,,(07) yields the two following generators of giyy:

1 1
§(Eé — Fy) = 3 <E56 — F56 — Eg7 4+ Fo7 — 1 (Egs26278 — Fas26278 — Eases + F4568)> ;

%(Eé +F) = %<E567 — Fse7 + Es — Fs — m1 (Basers — Fasers + Eys2e1s — F45268)> :
(6.29)
Both are obviously invariant under ¢, since they are linear combinations of compact gen-
erators. According to Section f.§, we have %) = +1. The same reasoning applies to the
pairs E)/F} and Eg/F. In contrast to the Ef/Fj case, these two couples of generators will
be alter_natgvely Coznpz;ct or non-compact deg)enaing on the sign of 7o and 7ns3. In particu-
lar, since Eé has basic structure [Ey, Eq | — m2[Fa , Fol, the choice 7o = +1 will produce
the two compact combinations 27!(E/, — F}) and 27 'i(E/ + F}), while the opposite choice
selects the two non-compact ones, byiﬂippiing the reciprc;cal ngn between E and F. From
expression (p.2(), we see that the Ej/F{ case is even more straightforward, compactness
and non-compactness being selected By 7;2773 = +1 respectively. At this stage, our analysis
thus leads to the four possibilities: P = 41 and %H) = 41,
Finally, the remaining ladder operators E! and F] for i = 0,1, 3,5, 7 combine in purely

non-compact expressions, for instance

1 i

§(Ei + Fl/) = Hyss, §(Ei — Fl/) = —(E458 + F458) . (630)
The Eé /FQ' case is a bit more subtle because of the presence of the (¢,¢t~!) loop factors,
and requires adding Ep,, t5/Fpp +6 = 03 1 ® (HQE8 + i(Epp, + FgES)) into the game.
Computing Fix,, for all of these four operators results in four non-compact combinations.

This is in accordance with 9’D7 which we now know to statisfy e —1 for all four

involutive automorphisms, and tells us in addition that: Bo(H) = 1,

Collecting all previous results, the eigenvalues of the four involutive automorphisms
BPlnams) = Ad(efm29)) are summarized in the table (6.31) below.

772 773 eﬁé(ﬁ) eﬁz/l(ﬁ) eﬁé(ﬁ) 662¢2,4,6(ﬁ)

T R S O

FU4L| 41 | 41| -1 | 1 (6.31)
SUTEEY T . R A

SN T

The Cartan element H defining the involution ¢ can be read off table (f.31). The most
general solution is given by H = i ZZ:O ciH] + micyd' with

1 -1
01203:I{_2|_ +7Z, ca=Kk—1, 05:/-;—772T+Z, cc=k+mn—1,
K+ K+mny—m3+1
C7=—2n2+Z7 co = 7722773 +7Z, cqg=mn3—1
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where co = k € C is a free parameter.

Restricted to 07, the four inner automorphisms defined in the table (.31) are all in
the same class of equivalence, and thus determine the same real form, namely s0(8,6) as
expected from @i,y in D = 3. In Appendix [J, we have computed the two sets of roots AVERY
and A(_yy (B.9) generating the Cartan decomposition (6.10)—(6.11) of the real form. It can
be checked that, in these four cases, the signature oy, = —(7+2(dim A q)—dim A ) =
5, in accordance with s0(8,6).

The involutive automorphism () in turn can be shown to split the root system of
07 according to

FeAqyl<i<j<dandd<i<j<T

R 6.32
BIEA(,l) 1<i<4<j <7 ( )

ﬁ/ =£&; +e i {
which can be verified by computing U(2)y(E,)U(2)~! for the representation v (C4). We
can check that we have again: oly, = 5, for the splitting (6.33), since the automor-
phism (B.21]) corresponds, in our previous formalism to the involution ef1H) = _1 and
P = 41, Vi # 4.

Since they are conjugate at the 07 level and all of them preserve the central charge
and scaling element, the four automorphisms (6.31) lift to conjugate automorphisms of d7.
All four of them are again clearly conjugate to U(z) defined by properties (6.21), (6.29)
and (p.39). These five Cartan preserving inner involutive automorphisms lead to equivalent
Cartan decompositions £+ p (f§) given by generalizing the basis (§.29) and (.30) found

previously to the affine case:

e eiy (Vk=1,.,7); ic; id’; (6.33)
o%(t”—t*")(@Hé and %(t”—i—t*”)@Hé (Vk=1,..,7; n € N¥);
R %(t" ® By —t " ®Fyg) and %(t" ©Ey+t"®Fy), nel
(V8" € A4y defined by (B:33), (C3), (C), (L) and (C3))
p: o%(tn®Eﬁ/—t_n®Fﬁ/) and %(tn@)Eﬁ/—f—t_n@Fg/), nez (6.34)

(6" € A1y = Ap(D)\Ay)) -
These decompositions define isomorphic real forms, which we denote by $0(8,6), encoded
in the affine Satake diagram of Table [ (see for instance [f4] for a classification of untwisted
and twisted affine real forms).

We have checked before the behaviour of the ladder operators of the finite 07 subalgebra
of ginv. The verification can be performed in a similar manner for the level n > 1 roots
B’ +ndp. . Applying for example Fix, to the four generators 271t @ By —tT" ® F)) and
274(t*" @ Ey+ tT" ® Fy), one obtains the following combinations

(" + 1) ® (Esyseers — N2 Fauszers — Esases + n2Fsas568
—Ea345678 + 1M2Fo345678 — Fagaszes + 12 Fosa5268) »
(t" —t7™) @ (Esas67s — m2F3a5678 + E3a5268 — 12 F345268

N[

+Eosu52678 — M2 Fa3452678 — Fazases + 12F234568) »
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which, since now Yo(t" £¢7") = t" £ ¢~", are all either non-compact if 7, = +1, or
compact otherwise, by virtue of table (p.31)). This is in accordance with the Cartan de-
composition (6.336.34). The compactness of the remaining n > 1 ladder operators can be
checked in similar and straightforward fashion by referring once again to the table (.31)).

In contrast to the split case, a naive extension of the signature, which we denote by &,
is not well defined since it yields in this case an infinite result:

6=3+2x5x%X00. (6.35)

In the first finite contribution, we recognize the signature of s0(8,6) together with the
central charge and scaling element, while the infinite towers of vertex operator contribute
the second part. As mentioned before in the D = 4 case, the signature for the finite 07
amounts to the difference between compact and non-compact Cartan generators, for the
following alternative choice of basis for the Cartan algebra {H,; Hy; Ho; H3; Hy; Ho, +
Hy_;i(Hq,
where it counts the number of overall compact towers, with an additional factor of 2 coming

— H,_)}. This carries over to the infinite contributlon in expression (),

from the presence of both raising and lowering operators.
Care must be taken when defining the real affine central product gin,. The real Heisen-
berg algebra

|1_ZIRz +2” ®2H4]+ZIR — 2z ") ® HY + Re+ Rd

is in this case isomorphic to the one appearing in the 72/Z,~2 orbifold (F.6). Clearly
both scaling operators and central charge are, in contrast to §0(8,6) non-compact. The
identification required by the affine central product formally takes place before changing
basis in §0(8,6) to the primed operators. The central charge and scaling operators acting
on both subspaces of giny = §0(8,6) M 1i;(1) are then redefined as d & d — id’ ® d and
c®c—id @c=ic®c Then we can write giny = 50(8,6) © 11(1)/{3,d}, with 3 =c — ¢

and d = d — V2”‘2 d.

0 The signature ¢ of giny is undefined.

6.4 The non-split real Borcherds symmetry in D =1

The analysis of the D = 1 invariant subalgebra closely resembles the T® x T?/Z,~o case.
The central product of Section p.J is extended to a direct sum of a u(1) factor with the
quotient of a Borcherds algebra by an equivalence relation similar to the one stated in
Conjecture f.1. The Borcherds algebra 4Bjg found here is defined by a 10 x 10 degenerate
Cartan matrix of rank » = 9. Its unique isotropic imaginary simple root (of multiplicity one)
&1 is now attached to the raising operator E¢, = (1/2)(Estas — Es—as — Estar + Es—aq)s
so that the equivalence relation defining (gin, )T from “Bjg @ u(1) identifies the Cartan
generator Hy = H¢, with Hs and removes the derivation operator dj = dg,.

Moreover, the splitting of multiplicities should occur as in the T8 x T? /Z,,~o example,
since dim (67)5D = dim (¢7)s. It might a priori seem otherwise from the observation that

both I?(7)[2...679 10] — K(g)[g 68910 and K(g)[2 89] — K(lO)[Z .810] are separately invariant.
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D (H0> gb) Jinv J(ginv)

a. a oy s0(4,2) @ so(1,1)
6 o—o—o0 x HWx iHY 1

50(6,4) ®sl(2,R)
x  iHWY 3
@ u(l)

a4 s0(5,3) @ so(1,1)
5 x  HW x ;HU 2
Qs a > Ll(l)
a_
o
Qs « [

=0

Qa2
o

o4

3 oO—O0—0—0 [ x  iHMY 50(8,6) ©u(l) 4
~y o1 Qs a3«
o
v a4
2 | o—o0 [ « (i) | @E.0 0 La) | -
o1 9 Qs a nez
(&7} _
?El TPY Oé+
1 O O O O O x  iHM Bio(p) @ u(l) -
a_1 (674} aq a9 a3 «a

Table 9: The real subalgebras g;,, for T7-D x 174 /Zy~2 compactifications

However, the combination:

k(?)[Q---G?Q 10 — k(B)[Q---GBQ 10 + ff(9)[2---89] — K10)[2.-810] = f([z---lo] ®i(Ha, — Hq_) € 09"

contributes to the multiplicity of J, while we may rewrite

1 ~ - - -
§(K(7)[2~~~679 10] — K(g)2--68910) — K(9)2--89) + K(10y2--810) = Ee; € *Buo,

which is the unique raising operator spanning (4810)51. Thus, though root multiplicities
remain unchanged, we have to group invariant objects in representations of s[(6,R), which
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are naturally shorter than in the T2/Z, case. We will not detail all such representa-
tions here, since they can in principle be reconstructed by further decomposition and/or
regrouping of the results of Table [.

The real invariant subalgebra can again be formally realized as

Jinv = u(l) D 4810([6)/{3’(1[}

where 3 = Hs; — H;. We denote by By the real Borcherds algebra obtained from
Fix,, (*B1g) and represented in Table [], choosing Ia to refer to the split form. The dis-
appearance of the diagram automorphism which, in the D = 2 case, exchanged the affine
root ag with v leads to non-compact H_; and Hg, in contrast to what happened with the
50(8,6) C @giny factor in D = 2. This is reflected by &; being a white node with no arrow
attached to it. Note that a black isotropic imaginary simple root connected to a white
real simple root would, in any case, be forbidden, since such a diagram is not given by an
involution on the root system. Moreover, an imaginary simple root can only be identified
by an arrow to another imaginary simple root (and similarly for real simple roots).

7. The orbifolds T%/7Z,,-

The orbifold compactification 75~ x T%/7Z,, for n > 3 can be carried out similarly. We
fix the orbifold action in the directions {z°, 2%, 27,28 27, 1°}, so that it will only be felt
by the set of simple roots {ag,..,as} defining the e subalgebra of gV = Split(e11_p)
from D = 4 downward. Thus, we may start again by constructing the appropriate charged
combinations of generators for gV = e7j7, and then extend the result for D < 3 in a
straightforward fashion. Since ey has 63 positive roots, we will restrict ourselves to the
invariant subalgebra, and list only a few noteworthy charged combinations of generators.
In this case, a new feature appears: the invariant algebra is not independent of n, Vn > 3, as
before. Instead, the particular cases T°/Z3 and T°/7Z, are non-generic and yield invariant
subalgebras larger than the n > 5 one.

More precisely, we start by fixing the orbifold action to be

(2i,21) — (2™ 2, e 2 z) fori=1,2, (23,23) — (e 4m/mzg, *™i/n73) |

(7.1)
in other words, we choose Q1 = +1, Q2 = +1 and Q3 = —2 to ensure ), (); = 0. Note
that for values of n that are larger than four, there are other possible choices, like Q1 = 1,
Q2 =2and Q3 = —3 for T%/Zg or Q1 = 1, Q2 = 3 and Q3 = —4 for T%/Zg and so on.
Indeed, the richness of 7%/Z, orbifolds compared to 7%/Z,, ones stems from these many
possibilities. Though interesting in their own right, we only treat the first of the above
cases in detail, though any choice of charges can in principle be worked out with our general
method. One has to keep in mind, however, that any other choice than the one we made

in expression ([.1]) may lead to different non-generic values of n.
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7.1 The generic n > 5 case

Concentrating on the invariant subalgebra (gin, )T for n > 5, it turns out that the adjoint

3
_2m

action of the rotation operator defining the orbifold charges Ug™ = H e~ n UKz Jeaves
k=1
invariant the following diagonal components of the metric:

1
Ky = 5(3H2 +4Hs3+5H, 4+ 6Hs + 4Hg + 2H7 + 3H8) ,

1
K,z = §(H2 +3H3 +5H4 + 6Hs + 4Hg + 2H —|—3Hg),

7.2
K., = %(H2 + 2Hs + 3H, + 5H; + 4Hg + 2H7 + 3Hg) "
K.y, = %(H2 + 2H; + 3H, + 4Hs + 2Hg + Hy + 3Hs),
as well as various fields corresponding to non-zero roots:
K. % /Kz . = % (E34 + F34 + Eys + Fis £ i(E3a5 + Faa5 — (B4 + Fy)))

Zamz = %(E23243536278 + F3243536278) »

Zazz, = %(E234526278 + Fzs26278) »

Zazgzg = %(E23458 + Fhas8)

Z 212072207 :_%(E3425362782 + F325362782) (7.3)

1
Zaz/Zazz = 1 (E23242536278 + Fh3242536278 + Eosa2s26278 + Fasa2s26278
+i(Fag242526278 + Fozzazs26278 — (Basazsseers + F2342536278))) ,
1
Z 223 Loy 2oz = NG (E3452678 + Fiags2678 — E34568 — F34568 — Fas26

—Fy5268 — Easers — Fasers = i( — Esgs268 — Faas26s — E3asers

—Fi45678 — Eys2678 — Faszers + Eases + F4568)) )

together with their compact counterparts, supplemented by the generators of the orbifold
action IC,,z, = —i(E3 — F3), Kz, = —i(Es — F5) and K,,z, = —i(E7 — Fy), which bring
the Cartan subalgebra to rank 7, ensuring rank conservation again.

Note that the 4 invariant combinations in the list (7.3) are in fact spanned by the
elementary set of linearly independent Cartan elements satisfying [H, E,|] = 0 for o €
{043, s, (X7}, namely: {2H2 + Hs; H3 + 2H4 + Hs; Hs + 2Hg; Hs + 2Hg + H7}

Furthermore, let us recall that the objects listed in expression ([.2) form the minimal
set of invariant ladder operators for n > 5 . In the non-generic cases n = 3,4, this set is
enhanced, and so is the size of (giny)T. We will treat these cases later on, and, for the

moment being, focus on the generic invariant subalgebra for 76/ Zp>5 only.
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As before, we extract the generators corresponding to simple roots of the invariant
subalgebra (the negative-root generators are omitted, since they can be obtained in a
straighforward manner as F,, = (E,)"):

By = —ilysu526278 = (Zazyza) "

1 .
Bp, = 5 (Est+ Egs £ i(Bsas — By)) = (K22 / Kz 2) "

1
E :—(E — Fayses — Eysres — E 7.4
1 = 575 Passeors — Baases — Pusees — Pisers (7.4)
Fi(Esg5268 + Esas67s + Egs2678 — E4568)> = (Zoyzozs/Zs15025) T

E. = —iFous8 = (Zuzyny) "

)

These generators define a complex invariant subalgebra (gin,)® of type 03 @ as @ a; & C
with the following root labeling

o—O0—=O o—O O X {Eg—F3+E5—F5—2(E7—F7)}

p- B By 7= T+ €

The detailed structure of the 93 C (giny )T is encoded in the following commutation

relations:
) 1 .
Ez 5, = £[E5 Eg.] = 5 (Baseazssgers + Eozargocers + i(Eo3242526278 — Eozazsacrs))
== (Z42122 /Z42122)+ )
E57+B+5+ = [Eﬁ,,EB_i_ﬁJ = Z.E’23243536278 = (Z42151)+’ (75)

HB = [EB’FB]:(H2+H3+H4+2H5+2H6+H7+H8)5

. 1 )
HB:I: = [Eﬁzl:’Fﬁi] = §(H3+2H4+H5i2(—E3+F3+E5 —F5)) .

The ay C (ginv)c factor is characterized as follows:

- — _ (7 +
Ey,—',—%L = [E77 ) Ewr] = 1E3y25362782 = (ZZ15122222353) )

Fy,—i—%L = [F%quf] = —iF3425362782 = (Z21512222Z353)_7
1 7.6
H,, = By, F,,] = 5 (Hy +2Hy + 8H; + 2Hg + Hy + 2Hy) (7.6)
7
:|:§(E3—F3+E5—F5 —E7+F7).

Finally, the Cartan generator of the remaining a; C (giny)® is given by [E., F.] = Ho +
Hs + Hy + Hs + Hg. One can verify that all three simple subalgebras of (giny)® indeed
commute and that the compact abelian factor iH6] = (Es — F3+ E5 — F5 — 2(E7 — F))
is the centre of giny. The structure of iH! can be retrieved from rewriting the orbifold
automorphism as Z/IGZ" = exp ((2n/n) (B3 — F3 + E5 — F5 — 2(E7 — FY))), and noting that
it preserves giny-

We determine the real form gi,, by a manner similar to the 7%/ Zin>3 case. Applying
procedure ({.10)), we find that, in a given basis, the Cartan combinations i(Hg, —Hg_) and

,73,



D (HOa QS) Jinv J(ginv)
B- B B—l— - T+ _ 5u(2’ 2) ©® 511(2, 1)
4 o—o0—0 o0—0 ©o x iH 1
) ® s1(2,R) @ u(1)
Byl 50(6,4) @ su(2, 1)
3 [ o—o0 x iH 2
€ a3 D @ u(l)
O
ag R -
€ P+ B 50(6,4) @ su(2,1)
; ' 3 [ A R & Lu(1)) )
a ne u(1))_
(674} ! ﬁ ﬁ, — | !
- T+
- ? Cr T € B+
1 [ O O O0— ' x  iH0l By @ u(l) -
o a1 o o f 5
T+ -

Table 10: The real subalgebras gi,, for T°~P x TS /Z,,~5 compactifications

i(H,, — H,_) are compact, resulting, for both the ay and 03 subalgebras, in maximal tori
(Sh) EB]REBT?I, for r = 2, 3, respectively. Taking into account the remaining u(1) factor, it is
easy to see that giny = su(2,2)®su(2,1)®sl(2,R)Du(l), with overall signature o(giny) = 1.

This and further compactifications of the theory are listed in Table [[(. In D = 3 the
roots € and 3 listed in expression (F4) connect through oy, producing the invariant real
form giny = 50(6,4) @ su(2,1) @ u(l).

In D = 2, the invariant subalgebra is now a triple affine central product 05 X dy X
i(1) = 05 X (a2 X (1)), associatively. For convenience, we have once again depicted
in Table [[J the direct sum before identification of centres and scaling operators. When
carrying out the identification, the affine root «f, has thus to be understood as a non-
simple root in Ay (Ey), enforcing: o = 6 — (y4+ + 7—). Moreover, it can be checked
that 0p, = ap + € + 2(a; + B) + B4 + - = 4, resulting in Hs, = Hs,, = cy), for
d4, = ay + v+ + 7—. This identification carries over to the three corresponding scaling
operators.

The reality properties of g;ny can be inferred from the finite case, by extending the
analysis of the T° x T*/Z,>, orbifold in Section [.J separately to the 05 and dy factors.
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Since both subalgebras are "next to split”, the 95 case is directly retrievable from the
construction exposed in Section . by reducing the rank by two. The real su(2, 1) factor is
also characterized by an automorphism U(z) of type la, with u = 1, which can be found,
along with further specifications, in [7(]. The rest of the analysis is similar to the discussion
for the T° x T /7, >, case. The signatures & of both non-abelian factors are infinite again,
and can be decomposed as in expression (6.35).

In D = 1, the Borcherds algebra %B;; resulting from reconnecting the three affine
KMAs appearing in D = 2 through the extended root «_; is defined this time by a
Cartan matrix of corank 2, with simple imaginary root {; attached to the raising operator
E¢p = (1/2)(Estas — Es—as + Estas — Es—as —2Esa, +2E5_q;). Since the triple extension
is not successive, the ensuing algebra is more involved than an EALA. Writing for short
02 =04, = ay + v+ + 7—, it possesses two centres, namely {31 = Hs — Hy, 32 = Hs, — Hs}
and two scaling elements {dy,dy} counting the levels in (; and d2. The signature & of giny
is again undefined.

Denoting by 65’11( 11) the real Borcherds algebra represented in Table [0, the IT refer-
ring to the two arrows connecting respectively v+ and G+ in the Satake diagram, the real
form g,y is given by

ginv = (1) @ By /{31:32:drs da}

By construction, —H_; will replace d; and dy after the quotient is performed.

7.2 The non-generic n = 4 case

As we mentioned at the beginning of this section, there is a large number of consistent
choices for the charges of the 7% /7, orbifold. Moreover, non-generic invariant subalgebras
appear for particular periodicities n. For our choice of orbifold charges, the non-generic
cases appear in n = 3,4, and are singled out from the generic one by the absence of a
u(1) factor in the invariant subalgebra. In D = 1, this entails the appearance of simple
invariant Kac-Moody subalgebras in place of the simple Borcherds type ones encountered
up to now. These KMA will be denoted by ICM.

The novelty peculiar to the 7 /74 orbifold lies in the invariance of the root a7, which
is untouched by the mirror symmetry (z3,Zz3) — (—z3,—Z3), so that the generators Er,
F; and H; are now conserved separately. Furthermore, several new invariant generators
appear related to Z;,,,z, and Zz z,2,:

2212223/Z212223 =
1
4—\/5 (E3452678 + Fyys2678 + E34568 + F3a568 + Eus2es + Fus26s — Easers — Fasers

+i(Esy5268 + Faas2es — Esasers — Faasers — Euszers — Fus2ers — Eases — Fases))

together with the corresponding compact generators.
The invariant subalgebra is now more readily derived by splitting the Z generators into
combinations containing or not an overall AdE7 factor (in other words, we ”decomplexify”
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D (HOa gb) Jinv U(ginv)

4 O—0—0 O0—0—0 O su(2,2) @sl2,R) | 3

o—O0—0 50(6,4) © su(2,2) 4
€

a7 B l
€ B+
2 M A Q6o | -
(7)) “ ﬁ /8_ —
At Te ﬁ+
1 ar O ~ ' 6’C/\/ln(n) -
oy o o f
A B

Table 11: The real subalgebras gi,, for 7° x TG/Z4 compactifications

B A ar s
8.

20
20

=)

z3 into 27 and z'9):

i

Exe = —5 (Bsus6s + Euszes £ i(Esas268 — Bases)) = (Zz12010/ — Zz12910) 7, -
Eqir, = %(E3452678 — Eusers £ i(Esasers + Euszers)) = (Z2,200/ Z21209) " |
which verify the following algebra:
Eoriay = £[Ear, Ex.],
Ex_tarirs = [Br_, Bagia,] = —Bagsgerge = —i(Keys,mm205) T (7.8)

H>\i = [EA;t’FA;t] = (H3+2H4+3H5+2H6+2H8:|:i(E3—F3—|—E5—F5)),

1
2
so that the former ay factor for n generic is now enhanced to ag. One compact combination
i(Hy, — Hy_) results from the action of Fix, on the algebra formed by the generators
in (7.§), which determines the corresponding real form to be su(2,2). The chain of invariant
subalgebras resulting from further compactifications follows as summarized in Table [L].
In D = 2, we have the identification off = 6 — (A4 + a7 + A\_) leading to the now

customary affine central product 50(6,4) X s51(2,2), represented for commodity as a direct
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sum in Table [[1. The corresponding Satake diagram defines the real form g;,,. Its signature
¢ is infinite with the correspondence 6 (giny|p=2) =242 X 4 X 00 = 0(giny|D=3) — 2+ 2 X

0 (ginv|D=3) X 00.

In D = 1, giuy is defined by the quotient of a simple KMA: IC M, by its centre
3 = Hs— Hs,, where d3 = o + Ay + a7+ A_, and by the derivation ds. As for affine KMAs,
6/C My is characterized by a degenerate Cartan matrix with rank » = 2 x 11 — dim h = 10.
However, the principal minors of its Cartan matrix are not all strictly positive, so that
6IC My does not result from the standard affine extension of any finite Lie algebra. The
real form g,y is determined from the Satake diagram in Table E and the relation:

Yinv = 6/CM11(H)/{3;d3}- (7.9)

Our convention denotes by II the class of real forms of XM, for which the Cartan
involution exhibits both possible diagram symmetries, exchanging ¢(Ay) = FAiL and

¢(B+) = FO+.

7.3 The standard n = 3 case

Starting in D = 4, the Zs-invariant subalgebra builds up the semi-simple (giny)* = a5 ® as.
The a5 part follows from enhancing the as @ a; semi-simple factor of the generic invariant

subalgebra (7.4) by the following additional invariant generators:

1
K. 7/ Kz 25 = 1 (Es456 + Fsa56 + Easer + Fuser
+i(FEsus67 + Faas67 — Ease — Fuse))
1 .
K.z /Kzyzy = 1 (Es6 + Fs6 + Ee7 + For & i(Ese7 + Fror — B — Fg))

1 1
Zazzs ) 24z = 1 (Eas24252678 + Fos2a2s2678 + Fasszszes + Fasazszes (7.10)

+i(Eo32425268 + Fag2a25268 — Fosazs2e7s — Fasazs2e7s)) »
1
Zazyzs ) Zazyng = 1 (Ea3452678 + Fasas2e7s + F3ases + Fasases

+i(Ea345268 + Fazaszes — Fosasers — Fasasers))

(together with their corresponding compact generators). It becomes clear that one is
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D (H(]a d)) Jinv J(ginv)
B a- e ar By - 7+
4 o0—0—0—0—0 o—o0 su(3,3) @ su(2,1) 1
o
/8— a— € T Ot /8+ - T+
3 O0—0—O0—0—=0 o0—o0 egl2 D su(2, 1) 2
Qg
g
o
p- a- o Py ) .
2 o—O0—0—0—0 eg)2 D su(2,1) -
T- T+
B+
ot
o
1 O O O ' GIICMH(IH) -
o a1 oy o €
Y+ a
O
Table 12: The real subalgebras gi,, for 75~ x T6/Z3 compactifications
dealing with an as-type algebra, when recasting the whole system in the basis:
E. = [Bs,[E3,Ez]] = —iFasass = (Zazqz) T,
1 .
Eo, = 3 (Es6 + Eer £ i(Eser — E6)) = (Kayzy/Kspzs) T,
1 .
Eg, = 5 (Esa+ Eus +i(Esis — Ea)) = (Kz5/Kz2) "
1 .
Eo 15, = 3 (Esa56 + Easer = i(Esas67 — Ease)) = (Kapzy/Kspzg) '
1 .
Eero, = B (Esas267s8 + F234568 £ 1(Fagas268 — F2345678))
= (Z4Z223/Z422Z3)+ ) (711)
1 .
Eciar1p = B (Bas24252678 + Fasazs26s £ 1(Fas2425268 — Foga2267s))
- (Z4Z123/Z421Z3)+ 9
EOC—+0423458+0¢+ = Z-EQZ’,4526278 = (242252)+7
1

Eo_ tetar+8s = 2 (Eas242536278 + Fogazs26278 T 1(Eag242526278 — Easa2536278))

- (Z42122/Z42122)+* 78 —

- — +
Es o terar+8y = iE243536278 = (Zazz)

)



Combining expressions (.5) and (7.11)) reproduces the commutation relations of an as-
type algebra. The remaining factor az C (giny)T is kept untouched from the generic case.

Choosing an appropriate basis for the Cartan subalgebra of gi,, produces three compact
combinations i(H,, — H,_), i(H

T+ a4
ones, which determines gin, = su(3,3) @ su(2,1).
The T°~P x 16 /73 chain of real invariant subalgebras follows as depicted in Table [[3,

for D=4,...,1. In D = 2, as for the n = 4 case, we can associate a formal signature & to

— H,_) and i(Hg, — Hg_), leaving four non-compact

the real form giny = ¢g)2 X su(2,1), which is infinite but keeps a trace of the D = 3 finite case
for which o (ginv) = 2, as 6 (ginv|D=2) = 0(ginv|D=3) —2+2X 0 (Ginv|p=3) X 00 = 0+2x 2 X 00.
In D =1, the I11 subscript labeling the real form appearing in Table [LJ refers, as before,
to the number of arrows in its defining Satake diagram, and the real invariant subalgebra

is retrieved from modding out GIICMH( 717y in a way similar, modulo the required changes,
to expression ([7.9).

8. Non-linear realization of the Z,-invariant sector of M-theory

In this section, we want to address one last issue concerning the invariant (untwisted)
sector of these orbifolds, namely how the residual symmetry gi,, can be made manifest
in the equations of motion of the orbifolded supergravity in the finite-dimensional case,
and in the effective D = 1 o-model description of M-theory near a space-time singularity
in the infinite-dimensional case. The procedure follows the theory of non-linear o-models
realization of physical theories from coset spaces, more particularly from the conjectured
effective Hamiltonian on Fygj19/K (Eg)19) presented in Sections B.7 and B4.

It is customary in this context to choose the Borel gauge to fix the class representatives
in the coset space. To do this in our orbifolded case, we need the Iwasawa decomposition
of the real residual U-duality algebra giny, which can be deduced from its restricted-root
space decomposition (see Section [L.3). For this purpose, we build the set of restricted roots
Yo (fE139) for giny and partition it into a set of positive and a set of negative restricted roots
Yo = ES‘ U X, , based on some lexicographical ordering. Then, following definition ({.11]),
we build:

0 = P (gin)a.  with o(nl)) = nF). (8.1)
aex?

()

Identifying the nilpotent algebra as ni,, = n;,/, the Iwasawa decomposition of gin, is
given by giny = Binv D Ginvy D Niny, and the coset parametrization in the Borel gauge by
Ginv/tiny = iny © Niny.

The cases where g, is a finite real Lie algebra are easily handled. For 8 < D <
3, the Satake diagrams listed in Tables f], [, [0, [ and [ describing the residual U-
duality algebras under T7'7/Z,, orbifolds for ¢ = 2,4,6 and n > 3 are well known, and
the corresponding Dynkin diagrams for the basis Iy of restricted roots ¥ can be found,
together with the associated multiplicities m,.(a;), in [75). We will not dwell on the D = 2
case, which only serves as a stepping stone to the understanding of the D = 1 case.
Moreover, all the arguments we present here regarding D = 1 also apply, with suitable

restrictions, to the D = 2 case.
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I
T6XT4/Zn>2: 96[1 T’Yl
O O O O O c——0
Bio(m) a1 ap o o Q3 o« ay
1 1 1 1 1 1 2
T x T )75 931 T@ 1
C==0 O O O c—=0
6811(11) Y+ 546 a—_1 Qg a1 3 B+
T x TS/ Zy : Te 1
o—F—C—==0 O O O c—=0
6]C~/\/lll(ll) ar Ay 548 a—_1 Qg a1 B /BJF
1 2 1 1 1 1 1 2
T* < TY) 75 :
) C==0 O O O Oo—F—0—">0
CKMiyrm ¥y ooay, a1 a @ € ar By
(2,15) 1 1 1 1 1 2 2

Table 13: Restricted Dynkin diagrams for very-extended gi,, subalgebras

In the D = 1 case, since the restricted root space is best determined from the Satake
diagram of the real form, we will replace gi,, in eqn. (B.1]) and all ensuing formulae by the
real Borcherds and indefinite KM algebras described by the corresponding Satake diagrams
in Tables | and P2 This procedure leads to the Dynkin diagrams and root multiplicities
represented in Table [[3 for the bases of restricted roots IIy, given for all but the split case
of Table [| (for which normal and restricted roots coincide). The multiplicities appear in
bold beside the corresponding restricted root, while we denote the multiplicity of 2a with
a 2 subscript whenever it is also a root of Y.

We may now give a general prescription to compute the algebraic field strength G =
g~ tdg of the orbifolded theory, which also applies to the infinite-dimensional case, where G
is the formal coset element (B.45). There are two possible equivalent approaches, depending
on whether we set to zero the dual field associated to the possible centres and derivations
of the Borcherds/KMA algebras leading to giny before or after the computation of G.
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Let us consider an algebra with A pairs of non-compact centres and derivations:
{34,da}a=1,...4 and a maximal non-compact abelian subalgebra a of dimension ns. We
introduce a vector of ng — 2A scale factors ¢ and a vector of auxiliary fields ¢ and develop
them on the basis of a(g) as:

A

ns—2A
o= > @Hy, =Y (%a+¢*"d,) . (82)
=1

a=1
For example, in the case of the T x T*/Z,, orbifold, ai,y is given by:

a(*Biogwy) = Spang{Hs_,;...; Hay; Hg = Hy + Hs + Hg; Hs, = Hs + 2Hg + Hr;
ny :H2+2H3—|-3H4+3H5+2H6+H7+H8;3;d]}.

in which the centre is 3 = Hg, — (Ha_, + ... + Hay + Hgz + Ha, + Hy) = Hp, — Hs.
The generator H; will be understood to represent the i-th element of the above list, for
1=1,...,8.

In general, a central element obviously does not contribute much to G, except for a
term o dip®/dt, so that it does not matter whether we impose the physical constraint
P*=0,Va=1,...,A, before or after the computation of G. The derivations d, also create
terms di/}AJra/dt, but 14+ appears in exponentials in front of generators for roots
containing an imaginary/affine (# «ag) simple root, as well. However, there is no difference
between setting the auxiliary field i to zero directly in g or, later, in the exponentials
in G. Indeed, the counting of levels in these imaginary/affine simple roots is taken care
of by Hs_, anyway. Finally, a term proportional to 3, other than 3, dy®/dt can not be
produced either, since we work in the Borel gauge, so that terms containing commutators
like [Eg,, Fj,| are absent. It is thus not necessary to impose 3, = 0 Va again in the end.

More generally, let us now set nip, = @&ezg (ginv)a with dim(giny)a = m(@) - m, (@),

the (formal) group element!?

my (&) m

(@)
g=c 1 11 ﬁ ¢Coa s B8 (8.3)

@EZ(T s=1 a=1

13Note that we adopt here a perspective that is different from [@] when associating restricted roots to
the metric and p-form potential of orbifolded 11D supergravity / M-theory. In particular, the authors
of [@] were concerned with super-Borcherds symmetries of supergravity with non-split U-duality groups,
which form the so-called real magic triangle, i.e. which are oxidations of pure supergravity in 4 dimensions
with N' = 0, .., 7 supersymmetries. When doubling the fields of these theories by systematically introducing
Hodge duals for all original p-form fields (but not for the metric), the duality symmetry of this enlarged
model can be embedded in a larger Borcherds superalgebra. The self-duality equations for all p-forms of
these supergravities can be recovered by a certain choice of truncation in the Grassmanian coefficients of the
superalgebra. In contrast to our approach however, one positive restricted root was related to one p-form
potential term in @], whereas, we associate a restricted root generator to one component of the potential.
This is the reason why these authors drop the sum over m, (&) in expression (E) (not mentioning the sum
over m(@) in the D = 1 case, which we keep since we do not want to discard any higher order contributions
to classical 11D supergravity)
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can be used to compute the Maurer-Cartan one-form:

g — [gildg] 1»?=0,a=1,...,2A

in which the coefficients {@%; C5} correspond, at levels [ = 0,1, to the invariant dilatons
and potentials of orbifolded classical 11D supergravity, and, at higher levels, participate
to (invariant) contributions from M-theory. Their exact expressions can be reconstructed
from the material of Sections f|-[] and the Satake diagrams of Tables [ and B3

The Maurer-Cartan equation dG = G A G will then reproduce the equations of motion
of the untwisted sector of the reduced supergravity theory in the finite case, of M-theory on
M =Ry x TH=P=20 5 T2 /7, in D = 1, which will make manifest the residual symmetry
ginv- Finally, one can write down an effective invariant Hamiltonian as in expression ([3.44),

by performing a Legendre transform of £ = ﬁ [Tr(OM~tOM)] Pi=0.a=1,... 247 the orbifolded

version of expression (B.25).

9. Shift vectors and chief inner automorphisms

We have dedicated the first few chapters of this article to explaining the characterization of
fixed-point subalgebras under finite-order automorphisms of U-duality algebras. In physical
words, we have computed the residual U-duality symmetry of maximally supersymmetric
supergravities compactified on certain toric orbifolds. In D > 3, the quotient of this resid-
ual algebra by its maximal compact subalgebra is in one-to-one correspondence with the
physical spectrum of 11D supergravity surviving the orbifold projection. In string theory
language, this corresponds to the untwisted sector of the orbifolded theory. Extrapolating
this picture to D = 1, the orbifold spectrum gets enhanced by a whole tower of massive
string states and/or non-perturbative states.

Although the interpretation of most of these higher level ey roots is still in its infancy,
an interesting proposal was made in [[J] for a restricted number of them, namely for those
appearing as shift vectors describing Zs orbifold actions. They were interpreted as the
extended objects needed for local anomaly and charge cancellations in brane models of
certain M-theory orbifolds and type IIA orientifolds.

In this section, a general method to compute the shift vectors of any TP x T?/Z,
orbifolds will be given, as well as explicit results for ¢ = 2,4,6. Then, an empirical
technique to obtain ejg roots that are physically interpretable will be presented, exploiting
the freedom in choosing a shift vector from its equivalence class. Our results in particular
reproduce the one given in [Ig] for 7% x T*/Zs. Note that the method will allow to
differentiate, for example, between T%/Z3 and T*/Z4 despite the fact that they lead to the
same invariant subalgebra, which gives a clue on the role of the n-dependent part of the
shift vectors. Finally, we will see how to extract the roots describing a Z,, orbifolds from
all level 3n roots of eqg.

We first remark that the complex combinations of generators corresponding to the
complexified physical fields are the eigenvectors of the automorphisms L{qZ" with eigenvalues

2

exp(i<FQa4), for Q4 € Z,. Having a basis of eigenvectors suggests that there is a conjugate

Cartan subalgebra b’ inside of the Q4 = 0 eigenspace g(©) for which the automorphism is
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diagonal. We can then reexpress the orbifold action as an automorphism that leaves this
new Cartan subalgebra invariant, in other words as a chief inner automorphism of the form
Ad(exp(i2XH')) for some H’' € b As already noticed in the case of Zo orbifolds, such a
chief inner automorphism simply acts as exp(z'%’ro/ (H')) on every root subspace g, where
o/ is a root defined with respect to h’. In particular, we can find a (non-unique) weight
vector A’ corresponding to H’' so that

Ad(E g,y = dE NIy,

Such a weight vector is commonly called shift vector. It turns out that all automorphisms
of a given simple Lie algebra can be classified by all weights A" = Y7, LA, l; € Zy,
without common prime factor, so that, according to [BJ],

(Aloe) <n (9.1)

(here, the fundamental weights A" are defined to be dual to the new simple roots o/, i.e.
(A/i|a;) = 6;. Vi,j =9 —r,...,8). Furthermore, there is a simple way, see [RY], to deduce
the invariant subalgebra from A by guessing its action on the extended Dynkin diagram,
if A satisfies the above condition. Here, we will first show how to obtain the shift vectors
in the cases we are interested in and then describe the above-mentioned diagrammatic
method with the help of these examples.

9.1 A class of shift vectors for T?/Z,, orbifolds

Let us start by the particularly simple case of a T2 /Z,, orbifold in T°. We can directly use
the decomposition in eigensubspaces obtained in equation (). The first task is to choose
a new Cartan subalgebra, or equivalently a convenient Cartan-Weyl basis. In other words,
we are looking for a new set of simple roots for as @ a;, so that all Cartan generators
are in the Q4 = 0 eigensubspace g(®). Since the a; does not feel the orbifold action,
we can simply take Hg = Hg. On the other hand, we should take for Hy and H/ some
combinations of 2Hg + H7 and E7 — F7. A particularly convenient choice is given by the
following Cartan-Weyl basis:

Ef = —55(Es +iEe7) , F§ = 55 (Fs — iFer) H{ = (2H¢ + Hy — i(BE7 — FY)),
Ep = 3(Hy —i(Br + Fr)), Fy = 5(Hr +i(Er + Fr)), Hy = i(Br — Fy),
Eg = 5(Bs —iBer),  Fgr = 5(Fo + iFer), H}, = $(2Hg + H7 + i(E7 — Fy)),

This gives the following simple decomposition in eigensubspaces:
00 = Span{H}; H,; B4 Fi; HYy, 9™~ = Span{Ej;; F},
o) = Span{E}; F},}, g2 = Span{E.},
6®) = Span{FY} .
Notice that g"~% is obtained from g(¥ by the substitution E < F, so that we will only

give the latter explicitly in the following examples. Furthermore, since L{QZ " actually defines
a gradation g = @?:_01 g, we have the property [g(*),g0)] C g*+7). This implies that if
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we can find a weight A'{?} that acts as exp(i%ﬁ(Al{Qﬂag)) on g, for all new simple roots
o}, i € I, it will induce the correct charges for all new generators. Here, we should choose
A2} 50 that it has scalar product 0 with o, 1 with o and n — 2 with o/, which suggests
to take:

A= A6 (n—2)AT. (9.2)

Note first that the same set of charges can be obtained with all choices of the form:
AN = (e1n + 1)AC 4 (can — 2)A7 4 c3nA’® for any set of {¢;}3_, € Z*. In particular,
there exists one weight vector that is valid for automorphisms of all finite orders, here
A2 = A6 977, However, in equation (@), we took all coefficients in Z,, as is required
for the Kac-Peterson method to work. Since the a; is obviously invariant, we can restrict
our attention to the as part. One can verify that A'{?} satisfies the condition (P.1) since
04, = ol + o implies (A'12}|04,) =n — 1.

In general, for a U-duality group G, we can define an (r 4+ 1)-th component of A’ as
1§ =n— (N,0g) (lghXA2 = 1 in the above case). On the basis of this extended vector,
one can apply the following diagrammatic method to obtain the invariant subalgebra in
the finite-dimensional case (a simple justification of this method can be found in [R9)):

e Replace the Dynkin diagram of g by its extended Dynkin diagram, adding an extra
node corresponding to the (non-linearly independent) root oy = —fg. We denote the
extended diagram by g* to distinguish it from the affine § in which the extra node
ag = 6§ — B¢ is linearly independent.

e Discard all nodes corresponding to roots o such that I; # 0 and keep all those such
that [; =0,i€{9—r;...;9}.

e Let p be the number of discarded nodes, the (usually reductive) subalgebra left in-
variant by the automorphism Z/IQZ" is given by the (possibly disconnected) remaining
diagram times p — 1 abelian subalgebras.

In particular, for T?%/Z,, in T3 for n > 3, we see that lg,l7 and lg are non-zero, leaving
invariant only ag = aig which builds an a; diagram. Since p = 3, we should add two abelian
factors for a total (complexified) invariant subalgebra a; @ (13@2, the same conclusion we
arrived at from Table . On the other hand, for T?/Zy in T3, I; =n — 2 = 0 and we have
one more conserved node, leaving a total (complexified) invariant subalgebra a?Q @ C.

Since the orbifold is not acting on other space-time directions, it seems logical to
extend this construction by taking o/, = o; and I; = 0 Vi < 6 for all TP x T?/Z, orbifolds.
Indeed, for p < 4, we obtain (A2}|04,) =n—1— 1 =1, (A op,) =n — 15 =0
and (A{#0g,) = n — 1J8 = 0, giving the results in Figure l. Comparing Figure ] with
Table fin D = 6, we can identify oy = —0p,.

However, looking at the respective invariant subdiagrams in D = 5, it is clear that one
should not choose o, = a; Vi < 6. Looking at Table fl, one guesses that o = —0p,, o) =
—ag3 and o = —ay. Since there is only one element in the eigensubspace g2 we also
have to take E}, = (Hy7 — i(E7 + F)), as before. On the other hand, there are now plenty
of objects in g(); all of them not commuting with EZ. One should find one that commutes
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with Fy,,_ and Fu, but not with F,. This suggests to set £ = %(E3425268 — i Egy252678)-
Finally, we also take E{ = F5. Computing the expression of the generator corresponding
to the highest root in this new basis gives Ef = F9E5 = iFg, as one would expect. Since
the shift vector simply takes the same form A'{2} = A6 4 (n — 2)A’7 on a new basis of
fundamental weights, the naive guess above was correct.

From D = 4 downwards, this ceases to be true, since naively (A1 |0g,) = 2n—1 > n.
In fact, we should again change basis in ¢;. Comparing again Figure P with Table [}, we
see that there are 2 different equivalent ways to choose the 2 roots to be discarded, on the
left (of, and of) or on the right (of and «af). We choose the latter, since it will be easier
to generalize to es. Indeed, in the extended diagram of eg, the Coxeter label of ag will
be the only one to be 1, making lf 8 = n — 2 the only possible choice. Further inspection

of Figure f] and Table [J suggests to take the new basis as follows: of, = —ag, o = —as,
Ay = —ay, o = —ag, ag = —0p,, ag = —ag and finally
1 : (1)
B = —=(Eo32495463782 — 1Egs24350687282) €9 .

V2

A lengthy computation allows to show that this choice leads to
Ey = Fy = (i/2)(Hr —i(E7 + F7)) € a2 as it should, giving the shift vector: A = A7
7

with l§7:n—2.

In eg, a similar game leads to of, = —ag, o = —as, o) = —ay, of = —ag, ag = —ag,
/ /
ar = —aq, ag = —fp, and finally
B - (E E (1)
1= (Erg233445563783 — 1E192334055637288) € 9V,

N

leading to By = Fy, = $(H7 —i(E7 + Fy)) € g""~? with shift vector A" = A", while
8

lf S =n—2.

The results for n = 2 can be obtained directly by putting I7 = 0, adding one more
node to the diagrams instead of the abelian u(1) factor. The results are summarized in
Figure f.

It was instructive to compare our method based on automorphisms induced by al-
gebraic rotations and the standard classification of Lie algebra automorphisms based on
shift vectors defining chief inner automorphisms. However, the mapping from one language
to the other can be fairly obscure, in particular for orbifolds more complicated than the
T2 /7, case treated above. In fact, in the a, serie of Lie algebras, for which the Coxeter
labels are all equal, the necessary change of basis can be computed only once and trivially
extended to larger algebras in the serie. In general, and in particular for exceptional alge-
bras, one has to perform a different change of Cartan-Weyl basis whenever we consider the
same orbifold in a larger U-duality symmetry algebra (or, geometrically speaking, when
we compactify one more dimension).

Our method based on non-Cartan preserving automorphisms is thus more appropriate
to treat a few particular orbifolds in a serie of algebras that are successively included
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Figure 2: Diagrammatic method for 7?2 /Z,~o orbifolds of M-theory

one into the other, as is the case for the U-duality algebras of compactified supergravity
theories. On the other hand, the method based on chief inner automorphisms is more
amenable to classify all orbifolds of a unique algebra, for example all possible breakings of
a given gauge group under an orbifold action. For instance, the breakings of the Fg x Eg
gauge group of heterotic string theory have been treated this way by [, 9. It is also
easier to generalize the method based on algebraic rotations to the infinite-dimensional
case, since we can use the decomposition of ejg in tensorial representations of s[(10) and
our intuition on the behaviour of tensorial indices under a physical rotation to identify
non-trivial invariant objects.

We can draw a related conclusion from the explicit forms of the above basis trans-
formation: when the orbifold is expressed in terms of the standard shift vector satisfying
(A]0) < n, the geometric interpretation of the orbifold action gets blurred. More precisely,
the directions in which the rotation is performed is determined above by the roots o/ with

coefficients [; = n — 2. For example, in ey, our original Lorentz rotation by Kg1g repre-
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Figure 3: Diagrammatic method for T2 /Zsy orbifolds of M-theory

sented by a7 appears in the standard basis as a gauge transformation generated by 2456789-
Similarly, in eg, it seems that we are rotating in a direction corresponding to (163)3456789 10-
Of course, mathematically, all conjugate Cartan-Weyl basis in a Lie algebra give rise to an
isomorphic gradation of g, but the physical interpretation based on the decomposition of
¢, in tensorial representations of sl(r) is obscured by the conjugation.

Indeed, our T9/Zq and TY/Z, orbifolds for ¢ = 2,4 all appear in the classification
of T%/7Z,, orbifolds given in [R7], where they are interpreted as T°/Z, orbifolds with par-
ticularly small breakings of the gauge group and degenerate shift vectors (in the sense of
having lots of 0). It is however clear in our formalism that this degeneracy should actually
be seen as having considered a rotation of null angle in certain directions.

9.2 Classes of shift vectors for 77/7Z,, orbifolds, for ¢ = 4,6

In the more complicated cases of 7% /7, and T /7Z,, orbifolds, we will not give in detail the
basis transformations necessary to obtain the standard shift vectors satisfying (A’|f) < n for
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the whole serie of U-duality algebras. Rather, we will give the shift vectors in their univer-
sal form, which is valid for the whole serie of U-duality algebras. In particular, for 7% /7%,
the gradation of 05 by eigensubspaces of L{4Z " has been given in expressions (f.2), (F.3)
and (p.4). A particularly natural choice of diagonal Cartan-Weyl basis for this decompo-
sition is obtained by taking:

E) = %(Ez; +iklys), Hj = 1(2H, + H5 — i(E5 — F3)),

EL = 1(Hs —i(Es + F5)), Hl =i(E5 — F3),

Eg = %(E% — Ee7 + i(Ese7 + Es)) , Hg = 3(Hs + 2He + Hy — i(E5 — Fs + E7 — Fy)),
B = %(H7—i(E7+F7)), H, =i(Er — Fy),

By = ——5(Bs — iFss), H = $(2Hs + H; — i(E5 — F)),

(9.3)
while F is obtained from E! as above by conjugation and exchange of E and F'. This leads
to the following eigensubspace decomposition of 05:

o' = Span{H; Hg; Hg; Hy; Hy; By Eygr: Blsss Elsgs: Eysagrsi Bysagarg B < F'}
o) = Span{E}; EY; Elsar; Eigrs; Fis: Fis: Fise: Fies ) (9-4)

0 = Span{E}; Bgr; Elsgrs; Fy; Fi; Fisags} -
The shift vector corresponding to this basis is given by:
A = A 4 (n—2)A + 20T+ A8,

which clearly reduces to A'{4 = A"t + A8 in the case of T*/Z. By simply taking E!=E;
for any additional roots that are unaffected by the orbifold action, this shift vector is valid
in e, for r =6,..,10, as well.

For the case of T°/7,,, we take the following Cartan-Weyl basis:

Ey = %(Eb +iFE33), Hly = 3(2H> + H3 — i(E5 — F3)),

By = 3(Hy — i(E3 + F3)), H; =i(E3 — F3),

By = —5(Esa + Bus — i(Bsas — E4)), Hy = 5(Hs + 2Hy + Hs +i(= B3 + F3 + Es — %)),
EY = 3(Hs +i(Es + F3)), Hj = —i(E5 — F),

El = %(E56 — Egr —i(Eser + Eg)), Hy = 3(Hs + 2He + Hy +i(Es — F5 + B7 — FY)),
E7 = 5(Hr +i(B7 + F)), Hp = —i(Er — Fy),

By = —J5(Bs +iBss), H} = 5(2Hg + Hs + i(E5 — Fy)),

(9.5)

that leads to the universal shift vector:
AN = A2 4 (n—2DAP 4205+ A+ (n— DA+ (n—1)A'®

that is valid in eg, eg and e1g, as well. It is obvious in this form that the degeneration of the
coefficient {7 when n = 4 leads to a larger invariant subalgebra with fewer abelian factors.
On the other hand, as the invariant subalgebras for 7% /Z, and T°/Z3 both have no abelian
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factors, the coefficients of A'{®} does not allow to discriminate between them. Another fact
worth noting is that setting n = 2 leads to A6} = A2+ A6 4 A'8 corresponding to a
T* /74 orbifolds with respect to the nodes a3 and a5 and not to a 7 /Zy orbifolds. This is
natural since we chose the charge in the (2, 21%)-plane to be Q3 = —2, so that it reduces
to the identity rotation for n = 2.

9.3 Roots of ¢;y as physical class representatives

The universal shift vectors are mathematically interesting, but the original motivation
to compute them was actually to give a physical interpretation of certain roots of eq.
Typically, our universal shift vectors A’ are not roots, but we can use the self-duality
of Q(e1p) and the periodicity modulo n of the orbifold action to replace A’ by a root &
generating the same orbifold action.

Self-duality of Q(e1g) relates the weight A’ to a vector in the root lattice satisfying
(N|o!) = (€]o/) Va! € A(g, ). However, every root lattice vector is not a root. One should
thus use the equivalence modulo n: A’ = A +n Z?:q ¢;\'" = X', for any 10-dimensional
vector & € Z'°, to find a weight AN = Z?Z_l ;A" such that:

8
E= ) (AHla]
ij=—1
is a root of ejg. In fact, such a condition does not fix £ uniquely either. However, it
seems that there is a unique way to choose ¢; so that & [97] is a root describing the orbifold
T4 x T9/7,, for all values of n.

From that point of view, we can see the shift vector as containing two parts: the
universal part, that reflects the choices of orbifold directions and charges, and the n-
dependent part, that defines the orbifold periodicity.

Concretely, it seems that ¢; can always be chosen to be dual to a Weyl reflection of
§ (at least for even orbifolds). In the case of T?/Zs, for example, we had the universal
part A'{2} = A'6 — 2A"7 which is dual to —a%. Adding n(A/7 — A'8), ie. the root nol =
n(o" + Zzz_l ), we obtain the desired form of shift vector in the physical basis:

é‘[ln} = (n7n,n7n,n,n,n,n,n -1, 1) .

From the tables of [f9] it is easy to verify that this is a root of ejp with [ = 3n for all
values of n < 6, and it is very likely to be a root for any integer value of n. Note also that
translating the results back in the original basis gives:

e €Ny | = gian(@l8%) Aqe ST (Br=Frg

)

where the first factor does not contribute to the charge, so that the equivalence between
the two descriptions, one in terms of shift vectors and the other in terms of non-Cartan
preserving inner automorphisms, is obvious.

For T*/7Z.,,, we similarly take AW NN oA T A n(A'5 — A6 — A'®), which
corresponds to

¢l = —af + o + n(0' + o’y + afy + o] + ab + o} + ) + af)
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= (n,n,n,n,n,n,n—1,1,n+1,n—1).

Again, this is indeed a root ¥n < 6 and it can be checked to reduce to one of the 4 possible
permutations proposed in [[Ig] for n = 2. Furthermore, Hepm = nHgy —i(E5s—F5—E7+Fr)
as one would expect.

Finally, for T6/Z,, one can check that A A2 o) + 205 A6 4N A8+
n(A'7 — A'8) has all desired properties. It is dual to

g6l — _ol 4 al — 20k + n(8 + o1 + afy + o) + o + oy + oy + ol + af + ab)
= (n,n,n,n,n—1n+1ln+1ln—1n-22),
where the factor of -2 in front of o/, reminds us of the charge assignment Q3 = —2. On the

other hand, the - sign in front of o/; does not contradict our choice of @1 = +1, but is rather
due to our Cartan-Weyl basis (P.5)), in which H} has a different conventional sign compared
to Hé and Hrl7 Accordingly, one obtains: Hg[ﬁ,n] = an[G] —i(Eg —F3+FE5—F5 —2(E7+F7))
as it should.

It is now easy to guess the general form of the shift vector for all T~ x TY/7,
orbifolds, in which the orbifold projections are taken independently on each of the (q/2)
T? subtori (in other words, we exclude for example a Z3 x Z3 orbifold of T° for which
one Z3 acts on the planes {z° 2%} and {z7,28} and the other on the planes {z7,2%} and
{2®, 219}, since it contains two independent projections on the same 72 subtorus).

By translating the tables of e1g roots established by [FJ in the physical basis, we
can identify the roots which constitute class representatives of shift vectors (satisfying the
conditions mentioned above) for orbifolds with various charge assignments, and build the
classification represented in Tables [[4 and [[J. These listings deserve a few comments.

First of all, what we are really classifying are inner automorphisms of the type ([.9)
with all different charges assignments (up to permutations of the shift vectors). Though
some of these automorphisms allow to take a geometrical orbifold projection and descend
to well-defined type ITA orbifolds, like the T%/Z, and the T%/Z, cases'® we studied in
Sections | and [ for n = 2,3, 4, 6, the Lefschetz fixed point formula would give a non-integer
number of fixed points for most of the others. Clearly, such cases do not correspond to
compactifications on geometrical orbifolds that can be made sense of in superstring theory
(let alone preserve some supersymmetry). However, whether compactifications on such
peculiar spaces makes sense in M-theory is, on the other hand, an open question. The
invariant subalgebras and ”untwisted” sectors can in any case be defined properly.

Second, we chose not to consider as different two shift vectors differing only by a per-
mutation of &, but exhibiting the same universal part, for example (3,3,3,3,3,3,3,3,2,1)
and (3,3,3,3,3,3,3,0,2,4).

Finally, looking at the Tables [[4 and [L§ in an horizontal way, one can identify series
of shift vectors defining orbifold charges which appear as ”subcharges” one of the others,
when some Q;’s are set to zero. For example, starting from T%/Zg x T?/Z3 for q¢ = 10,

"“This kind of T°/Z,, orbifold with charge assignment (1,1, —2) is denoted T*/Z,, x T?/Z,, /> in Tables @
and [1f to distinguish it from the one with charge assignment (1, —1,1).
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one obtains successively T°/Zg x T2 /%3, T* /7 x T? |73, T?|Z¢ x T?/Z3 and T? /73 for
q = 8,6,4,2, with shift vectors of monotonally decreasing squared lengths -8, -10, -12, -14
and -16.

Though, for evident typographical reasons, we were not able to accomodate all shift
vectors related in this way on the same line, we have done so whenever possible to highlight
the appearance of such families of class representatives. This explains the blank lines,
whenever there was no such correspondence. An attentive study of Tables [[4 and [[§ shows
that those families end up when a root of the serie reaches squared length 2. For example,
going backwards and starting instead from 7°/Z% with a shift vector of null squared length
for ¢ = 6, one finds T2 /Zg x T®/Z3 with a vector of squared length 2 for ¢ = 8, but there
is no T*/7Z¢ x T /Zs for ¢ = 10, since it would have to be generated by a vector of length
4, which is of course not a root.

To extend this classification to orbifolds that are not induced by an automorphism of
type (@), further computations are nevertheless necessary (to obtain the correct form of
the universal parts). However, exactly the same methods can in principle be applied and
we leave this matter for further research. When tables of roots of e;g will be available up
to higher levels in ag, one could also study orbifolds for higher values of n. Of physical
interest are perhaps values of n up to 12, which would in principle require knowledge of
roots of levels up to 36.

A more speculative question is whether these orbifold-generating roots all have an-
other physical interpretation, for example as solitonic M-theory objects with or without
non-trivial fluxes, just as in [I]. A first look at the general shape of these roots in the
physical basis seems to confirm this view, since the first (10 — ¢) n’s remind of a (10 — ¢)-
brane transverse to the orbifolded torus, while the other components might be given an
interpretation as fluxes through the orbifold. Indeed, both are expected to contribute to
local anomaly cancellation at the orbifold fixed points. We do not have a general real-
ization of this idea, yet, but we will describe a number of more concrete constructions in
the following and discuss in particular all of the Zs cases in detail, hinting at a possible
interpretation of the general Z,, ones.

10. Zs orbifolds

The case of Zs-orbifolds is slightly degenerated and must be considered separately. In [RI],
the orbifold T4 /7o, m = 1,2 and T*"+1/Zy, m’ = 0,1, 2 have been worked out, and the
orbifold charges have been shown to be generated by a generic Minkowskian brane required
6, B3] for anomaly cancellation, living in the transverse space.

In this section, we will show how to treat all T9/Zs, orbifolds for ¢ € {1,..,9}. In
Section [10.1], it will be shown how the algebraic results for invariant subalgebras in [LL9],
which we henceforth refer to as Zs orbifolds of the first kind, are recovered as a particular
case in the more general framework of Section

In Section [[0.9, we investigate in detail the ¢ = 2,3,6,7 cases, or Zy orbifolds of the
second kind, which have not been considered in [[[]. Let us stress that by orbifolds of
the second kind we mean the purely algebraic implementation of the Zs projection in the
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U-duality algebra. Then, we will extract from the construction of Section the roots of
¢19 defining the representatives of classes of shift vectors for these orbifolds of M-theory
and give a tentative physical interpretation.

Concretely, let i, j, k be transverse spacelike coordinates and A, B, C' coordinates on the
orbifold, under a Zs-transformation, 11 D-supergravity and fields have charge assignment

(all) : gij — +gi5, giA = —GiA gAB — +9AB
odd
<even> 2 Cijk = FCijk,  Cija — £Cija,  Ciap — FCiap, Capc — £Capc,

odd and even referring to the dimension of the orbifold torus.

In contrast to the Z,~s case, where the inner automorphisms generating the orbifold
charges were pure SO(r) rotations, the action of a Zsy-orbifold can be regarded as an element
of the larger O(r) = Zy x SO(r). This distinctive feature of Zs-orbifold can be ascribed
to the fact that while even orbifolds act as central symmetries and may be viewed as -
rotations, hence falling in O™ (r) (positive determinant elements connected to the identity),
odd orbifolds behave as mirror symmetries, and thus fall in O~ (r). Concretely, negative
determinant orthogonal transformations will contain, in the ¢;y language, a rotation in the
ag direction, namely Ad(e™ (Fs—F 8)) or Ad(e’™3), which, in this framework, behaves as a
mirror symmetry.

The even case can be dealt with in a general fashion by applying the following theorem:

Theorem 10.1 Let TY/Zy be a Zso toroidal orbifold of e., for g € {1,...,9},r € {q+

.,10}. Let q be either 2m or 2m+1. Given a set of (possibly non-simple) roots Az, =
1B Yp=1,...,m satisfying (B)|8a)) = cpop, v with ¢, < 2 and provided the orbifold acts on the
U-duality algebra gv with the operator L[Qm € GY defined, according to expression ([.3), by

U’z = [J Ad(e™ Fro~w)), (10.1)
p=1

then, the orbifold action decomposes on the root-subspace gg cg¥
- H
U -gq = H ") gl = (~)Zm el gl vaeA@l).  (102)

If the Zs-orbifold is restricted to extend in successive directions, starting from z'°

downwards, it can be shown that for any root o = Z?:—l kaj e A(gY), expression ([[0.9)
assumes the simple form

(=1)*" gV, form =1

o (10.3)
(D) gU  for 2 <m <5

Uy? - gl = Ad(e iz oz ] — {

for even orbifold. For odd ones, we note the appearance of the mirror operator we mentioned
above

L{ om—+1 ga = Ad (eiﬂ' (H8+H6+Z;Z1 H872i)) . QU _ ( 1)k7 2m gg7 for m >0 . (10.4)

a
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Following Section P.J, we are free to recast the orbifold charges resulting from expres-
sions ([10.3)) and ([10.4), by resorting to a shift vector ¢[a2] guch that:

UL gl = (—1)E Mgl g =1,...9.
The subalgebra invariant under 79/Z, is now reformulated as a KMA with root system
Ay = {a e A@gY) |(€9%]a) = 0mod 2} . (10.5)
This is definition of the Zs-charge used in [R1], [L]].

10.1 Z, orbifolds of M-theory of the first kind

The orbifolds of M-theory with ¢ = 1,4,5,8,9 have already been studied in [I9], and
a possible choice of shift vectors has been shown to be, in these cases, dual to prime
isotropic roots, identified in [R1] as Minkowskian branes. As such, they were interpreted as
representatives of the 16 transverse M-branes stacked at the 29 orbifold fixed points and
required for anomaly cancellation in the corresponding M-theory orbifolds [R5, Rg].

In this section about Zs, orbifolds of the first kind, we will show how to rederive
the results of [IJ] about shift vectors and invariant subalgebra, from the more general
perspective we have developed in Section ] by resorting to the Kac-Peterson formalism.
After this cross check, we will generalize this construction to the ¢ = 2,3, 6,7 cases, which
have not been considered so far, and show how the roots §£ A are related to D-branes and
involved in the cancellation of tadpoles due to O-planes of certain type OB’ orientifolds. For
this purpose, we start by summarizing in Table [Lf the shift vectors for the ¢ = 1,4,5,8,9
cases found in [[9), specifying in addition the SL(10,R)-representation they belong to.
Next we will show how the results of Table [Lf for even orbifolds can be retrieved as special
cases of the general solutions computed in Section P.1].

The root of Eqg relevant to the ¢ = 4 orbifold can be determined as a special case of
T4 /7, shift vectors, namely:

e = 9(A5 — AS — A®) + AT =25 — 5 4 a7,

which coincides with the results of Table [[f. This choice of weight is far from unique, but
is the lowest height one corresponding to a root of Ej (given that A s not a root).
Likewise 82 can in principle be deduced from the generic weight A{8} determining the
T8 /7., charges.

Shift vectors for odd orbifolds of Table [Lf can also be recast in a similar form, even
though they do not generalize to n > 2. We can indeed rewrite:

5[1,2] _ 2(2/\7 o AG) - A7, 5[5,2] _ 2(—A8) —|—A3, 5[9,2] _ 2(_A71) _i_Afl.

The last four Ejo roots listed in Table [[f were identified in [R1] as, respectively,
Minkowskian Kaluza-Klein monopole (KK7M), M5-brane, M2-brane and Kaluza-Klein par-
ticle (KKp), with spatial extension in the transverse directions and have been presented
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in Table . The first root is the mysterious M-theory lift of the type IIA D8-brane, de-
noted as KK9M in this paper. In the language of Table [, these roots correspond to the
representation weights (A ® K)(gg)[l...g}, Doyi--610) Bayp--s) A2y K@yz-10)-

Furthermore, it has been shown in [RJ, that the consistency of Zsy orbifolds of M-
theory of the first kind requires the presence at the fixed points of appropriate solitonic
configurations. For T9=58 /75, one needs respectively 16 M5-branes/M2-branes to ensure
anomaly cancellation. In the case of T?/Zsy, 16 units of Kaluza-Klein momentum are
needed, while Kaluza-Klein monopoles with a total Chern class of the KK gauge bundle
amounting to 16 is required in the case of T%/Zs.

For ¢ = 4,5,8,9, the transverse Minkowskian objects of Table [[§ having all required
properties were interpreted as generic representatives of these non-perturbative objects.
However, their total multiplicity /charge cannot be inferred from the shift vectors. It was
proposed in [[[J] that these numbers could be deduced from an algebraic point of view from
the embedding of gi,, into a real form of the conjectured heterotic U-duality symmetry
Oe1g. However, this idea seems to be difficult to generalize to the new examples treated in
the present paper and we will not discuss it further.

For ¢ = 1, the analysis is a bit more subtle, and needs to be carried out in type ITA
language. To understand the significance of the shift vector in this case, it is convenient
to reduce from M-theory on T8 x S'/Zy x S! to type IIA theory on T® x S'/QI, where
I, is the space parity-operator acting on the S' as the original Zs inversion, while € is
the world-sheet parity operator. In this setup, the appropriate shift vector is 5([71’2] =
(2,2,2,2,2,2,2,2,1,4), which can be interpreted as a KK9M of M-theory with mass:

Myxxom = M;9V71€<£|Hm> = MI}2R1 s RsR‘rfO .

Upon reduction to type IIA theory, we reexpress it in string units by setting

Rig=gaM;', and M, = gzl/?’Ms, (10.6)

and take the limit M,Rq — 0:

My
Mygkom — Mpg = g—ARl---Rg.

The resulting mass is that of a D8-brane of type ITA theory. The appearance of this object
reflects the need to align 8 D8-branes on each of the two O8 planes at both ends of the
orbifold interval to cancel locally the —8 units of D8-brane charge carried by each O8
planes, a setup known as type I’ theory.

The chain of invariant subalgebras giny in Table [[7 is obtained by keeping only those
root spaces of gV which have eigenvalue +1 under the action of 422 ([0.3) or UZ2 41 ([0.4).
We can use the set of invariant roots ([[0.5) to build the Dynkin diagram of gi,,, but this
is not enough to determine root multiplicities in D = 1. In the hyperbolic case indeed, one
will need to know the dimension of the root spaces gi c gV = eo10 Which are invariant
under the actions (JL0.3) or ([L0.4) to determine the size of gi,y. We will come back to this
issue at the end of this section.
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This construction of the root system leads, Vg = 1,4,5,8,9, to a unique chain of in-
variant subalgebras, depicted in Table [[. Thus, we verify that the statement made in
[[9) for the hyperbolic case is true for all compactifications of type TH-(D+9) T9/Zs
with ¢ = 1,4,5,8,9. There, this isomorphism was ascribed to the fact that, in D = 1, the
shift vectors ([[f) are all prime isotropic and thus Weyl-equivalent to one another. The
mathematical origin of this fact lies in the general method developed by Kac-Peterson ex-
plained in Section P.J], which states that equivalence classes of shift vectors related by Weyl
transformation and/or translation by n times any weight lattice vector lead to isomorphic
fixed-point subalgebras. Since a Weyl reflection in gV generates a U-duality transformation
in M-theory and its low-energy supergravity, this isomorphism seems to indicate that all
such orbifolds are dual in M-theory, as pointed out in [R€, [/d]. In fact, if one had chosen to
reduce Zo orbifolds of the first kind on a toroidal direction for ¢ odd, and on an orbifolded
direction for ¢ even, one would have realized that they are all part of the serie of mutually
T-dual orientifolds (a T-duality on z* is denoted by 7;):

type ITB on T%/Q 2 type ITA on T%/QI % type IIB on T°/(—1)F:Q1, 2 07
10.7
— type ITA on T?/(—1)fQI; T, type IIB on T7/QI, T, .

where I, denotes the inversion of the last r space-time coordinates, while €2 is as usual the
world-sheet parity. The space-time left-moving fermions number (—1)fZ appear modulo 4
in these dualities.

The reality properties of giny are easy to determine. Since the original balance between
Weyl and Borel generators is preserved by the orbifold projection, the non-abelian part of
giny remains split. In D = 8,...,5, the abelian so(1,1) factor in g,y is generated by the
non-compact element H9 which also appears in T4 /Z~2 orbifolds. For ¢ = 4, it is, for
instance, given by HMA = Hgy— Hyin D =6 and 2H3+4H,+3H5+2Hg+ H7in D =5, as
detailed in Section [f, and is enhanced, in D = 4, to the s[(2, R) factor appearing in Table
when H becomes the root v = 93243536278 € A (e7). The procedure is similar for
qg=1,5,8,9, for different combinations H!9 and positive roots ~.

The root multiplicities in gj,, is only relevant to the two cases D = 2,1, for which
the root multiplicities are inherited from eg and e1g. For gV = ey we have gin, = g, since

gy = 0, and since ¢ and d;, both have multiplicity 8.

Ginv

In D = 1, the story is different. In [[L]], it has been shown that gi,, contains a
subalgebra of type 0e19. The authors have performed a low-level decomposition of both
ginv and dejg. For a generic over-extended algebra g”, such a decomposition with respect

to its null root dgan is given by (g"")y = @ g)". In particular, they define:
(a,0qnn )=k
(ginv)[k] = Giny (elo)m and show that:

(gin)y) = (Qe10)yys (Binv)j2) 2 (9e10)p2) -

The first equality is a reformulation of gi,, = 0g for gV = eg. The second result comes
from the fact that the orbifold projection selects certain preserved root subspaces without
affecting their dimension. This feature is similar to what we have observed in the case
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of Z,, orbifolds, where the original root multiplicities are restored after modding out the
Borcherds or KM algebras appearing in D = 1 by their centres and derivations.

10.2 Z orbifolds of M-theory of the second kind and orientifolds with magnetic
fluxes

Let us first recall that by orbifolds of the second kind we mean the purely algebraic imple-
mentation of TlO/Iq, q = 2,3,6,7, in the U-duality algebra. In this case, the connection
to orbifolds of M-theory will be shown to be more subtle than in Section [[0.]. Indeed,
since the algebraic orbifolding procedure does not discriminate between two theories with
the same bosonic untwisted sectors and different fermionic degrees of freedom, there are in
principle several candidate orbifolds on the M-theory side to which these orbifolds of the
second kind could be related.

The first (naive) candidate one can consider is to take M-theory directly on T9/1,
g =2,3,6,7. Then following the analysis of Section [[0.1], a reduction of such orbifolds to
type II string theory would result in a chain of dualities similar to expression (|L0.7), with
the important difference that the (—1)Z operator now appears in the opposite places. It is
well known that the spectrum of such theories cannot be supersymmetric. Referring to the
chain of dualities ([[0.7) with the required extra factor of the left-moving fermionic number
operator, one observes that such theories do not come from a consistent truncation of type
IIB string theory, since (—1)f2 is not a symmetry thereof, and all of them are therefore
unstable.

A more promising candidate is M-theory on T9/{(—~1)¥"S, Zsy}, where (—1)F" is now
the total space-time fermion number and S represents a 7 shift in the M-theory direction.
In contrast to the preceding case, these orbifolds are expected to be dual to orientifolds of
type 0 theory, which are non-supersymmetric but are nonetheless believed to be stable, so
that tadpole cancellation makes sense in such setups.

Let us work out, in these type 0 cases, a chain of dualities similar to expression ([L0.7).
To start with, we review the argument stating that M-theory on S'/(—1)F'S is equivalent
to the non-supersymmetric type OA string theory in the small radius limit [[7].

Considering the reduction of M-theory on S* x S'/(—1)¥'S to type IIA string theory
on S'/(—1)'S, one can determine the twisted sector of this orbifold (with no fixed point)
and perform a flip on {z% 21°} to obtain the spectrum of M-theory on S'/(—1)F'S. At
the level of massless string states, all fermions are projected out from the untwisted sector
and there appears a twisted sector that doubles the RR sector and adds a NSNS tachyon,
leading to type OA string theory in 10 dimensions. Interestingly, type O string theories
have more types of Zs symmetries and thus more consistent truncations. In D = 10, type
0A theory is symmetric under the action of €2, while type OB theory is symmetric under §2,
Q(—=1)/t and Q(—1)r, where fr, and Fy, are respectively the world-sheet and space-time
left-moving fermion numbers. Furthermore, their compactified versions on 70 each belong
to a serie of orientifold theories similar to ([[0.7). Among these four chains of theories, one
turns out to be tachyon-free, the chain descending from type OB string theory on Q(—1)/z.
Let us concentrate on this family of orientifolds and show that the M-theory orbifolds of
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the second kind can all be seen to reduce to an orientifold from this serie in the small radius
limit.

In order to see this, one can mimick the procedure used for ([[0.7) and reduce on
a toroidal direction for ¢ odd, and on an orbifolded direction for ¢ even. The untwisted
sectors of our orbifolds then turns out to correspond to those of an orientifold projection by
Q(—l)fLI(q), resp. Q(—l)fRI(q,l), on type 0A string theory. A projection by Q(—l)fL/RI(q)
has the following effects in type 0A string theory: it eliminates the tachyon and half of the
doubled RR sector, the remaining half being distributed over the untwisted and twisted
sectors of M-theory on S'/(—1)¥'S. Consequently, one expects to obtain theories that
belong to the following chain of dual non-supersymmetric orientifolds:

type 0B on T7%/(—1)/LQ R type 0A on T9/(-1)/7Q0, 5, type 0B on T°/(—1)/rQI,

Z, type 0A on T9/(—1)/2 QI3 LR type OB on T7/(=1)/QIy &,

(10.8)
where (—1)/2 and (—1)77 again appear modulo 4 in these dualities.'® Complications might
however arise at the twisted sector level when reducing to type 0A string theory on an orb-
ifolded direction, since one should take into account a possible non-commutativity between
the small radius limit and the orbifold limit. We will come back to this point later.

Instead, we first want to remind the reader that, as was shown in [B4], type 0B string on
(=1)/2Q can be made into a consistent non-supersymmetric string theory by cancelling the
tadpoles from the two RR 10-forms through the addition of 32 pairs of D9- and D9’-branes
for a total U(32) gauge symmetry. This setup is usually called type 0’. There is also a NSNS
dilaton tadpole, but this does not necessarily render the theory inconsistent. Rather, it
leads to a non-trivial cosmological constant through the Fischler-Susskind mechanism [[7§,
[79). It was also shown in [B4] that there is no force between the D9- and D9’-branes and that
twisted sector open strings stretched between them lead to twisted massless fermions in
the 496 & 496 representation of U(32). Even though the latter are chiral Majorana-Weyl
fermions, it was shown in [B0, BY] that a generalized Green-Schwarz mechanism ensures
anomaly cancellation.

To characterize the twisted sectors of such orientifolds of type 0’ string theory alge-
braicly, we will again use the equivalence classes of shift vectors that generate the orbifolds
on the U-duality group. The simplest elements of these classes which are also roots give
the set of real roots in Table [[§.

As is obvious from the second and third column, all such roots are in Ay (eg) and
correspond to instantons completely wrapping the orbifolded torus. Since they are purely
eg roots, we do not expect them to convey information on the string theory twisted sectors.
As such, this set of shift vectors does not lend itself to an interesting physical interpretation,
but gives however certain algebraic informations. All these roots being in the same orbit of
the Weyl subgroup of Eg, the resulting invariant subalgebras are again isomorphic (when
existing) Vg = 2,3,6,7. We list the invariant subalgebras for M-theory on T2 /{(—1)¥'S, Zs}

5From the point of view of M-theory, these dualities sometimes exchange the untwisted and twisted
sectors under (—1)'S.
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together with their Dynkin diagrams in Table [[9. The same invariant subalgebras appear
for all values of ¢, but of course start to make sense only in lower dimensions.

The invariant subalgebras are not simple for D > 3 and all of them contain at least one
5[(2,R) factor with simple root €[22 When an abelian factor is present, it coincides with
the non-compact Cartan element H!9 encountered in 79 /Zip~o orbifolds. Furthermore, in
contrast to the connected dg diagram obtained for ¢ = 1,4, 5, 8,9, the invariant subalgebra
for ¢ = 2,3,6,7 is given in D = 2 by an affine central product, as in the T?%% /7, cases
treated before. In D = 1, the invariant subalgebra is the following quotient of the KMA
whose Dynkin diagram is drawn in Table [[J:

Jinv = 2KM11|12/{37d1}7

where 3 = ¢, — cy,. As in the TG/Z?,A cases, 2JICM; has a singular Cartan matrix with
similar properties.

We will now show that certain equivalent shift vectors can be interpreted as configu-
rations of D9 and D9’-branes cancelling R-R tadpoles in a type 0’ string theory orientifold.
This can be achieved by adding an appropriate weight lattice vector Al to €22 that do
not change the scalar products modulo 2. It should be chosen so that Ald + €192 ig g
root, and gives insight on the possible M-theory lift of such constructions. More precisely,
we want to convince the reader that certain choices of shift vectors generating M-theory
orbifolds of the second kind can be seen as representing either magnetized D9-branes or
their image D9’-branes in some type 0’ theory with orientifold planes. Such branes carry
fluxes that contribute to the overall D(9 — g)-brane charge for even ¢ and D(10 — ¢)-brane
charge for odd ¢, but not to the higher ones.

Let us first study the example of a T3 /Zy x S* /(—1)¥'S orbifold of M-theory. Following
the above construction, it should reduce in the limit Mp Ry — 0 to type 0A string theory
on T8 x T3/(—~1)/tQI3, which is T-dual to type 0B string theory on T7 x T?/(—1)/rQ1I,.
We summarize these dualities in the diagram below:

M-theory on T6 x T3/Zy x S*/(—1)F'S
lMPRwHO
type 0A on T6 x (S' x T?)/(-1)/2QlI3 T, type 0B on T x S x T?/(—1)/rQI,

In this last type OB orientifold, there will be one orientifold plane carrying -4 units
of D7- and D7’-brane charge at each of the four orbifold fixed points. Suppose that we
consider N pairs of magnetized D9- and D9’-branes carrying fluxes in the orbifolded plane
(2'8,2°). This system induces two Chern-Simons couplings on the world-volume of the
space-time filling branes:

MO / M8 1
— CS VAN 27TO/TI‘ F2 = _s/ Cg . —/ Tr F2 s
2(2m)% Jrx1o (F2) 2m)7 Jrx1 21 Jr2/7, (F2)

and a similar expression involving C§. The quantized fluxes can then be chosen in such a
way that the resulting total positive D7- and D7’-brane charges cancel the negative charges
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from the orientifold planes and ensure tadpole cancellation. Note that these charges are
determined by the first Chern class ¢; of the U(N) gauge bundle.

We can use an analogy with the supersymmetric case, where the system of O7-
planes and magnetized D9-branes in a T x T?/(—-1)¥2QZy type 1IB orientifold has a
well-known T-dual equivalent [B6, BJ] built from D8-branes at angle with O8-planes in a
T x S'/(~1)1QZ, type 1A orientifold, in which the flux is replaced by an angle x in the
following way:

a 1y

a_N T, cot(x) = a R
N M2RLRq X

- 10.9
N o (10.9)

27T04/F89 =
and where the type IIB radius'® is R, = 1/M, 2Rg. In fact, the appearance of D7-brane
charges in the absence of D9-brane ones on the type IIB side can be understood, in the
dual setup, as the addition (resp. cancellation) of the charges due to the tilted D8-branes
to those of their image branes with respect to the orientifold O8-plane. The image DS8-
brane indeed exhibits a different angle, being characterized by wrapping numbers (¢, —N)
instead of (c;, N) around the directions along the orbifold. In our non-supersymmetric
case, however, one should keep in mind that the image brane of a D9-brane under Q(—1)/7
is a D9’-brane.

We will now show that the appropriate shift vector encodes not only explicit informa-
tion on the presence of type 0’ pairs of D9- and D9’-branes, but also on the tilting of their
dual type 0A D8- and D&’-branes with respect to the O8-planes. One can then deduce the
presence of fluxes from the angle x.

To understand how this comes about, we note that both string theory D9- and D8-
branes descend from the (conjectured) KK9M soliton of M-theory described by the ej
roots that are permutations of ¢ = ((2)%,1,2,2,4) in the following way:

Mgkom = M,V 1elHr) = MI2R, .. ReRs Ry Ry, .

Following the chain of dualities ([[0.14]), we successively obtain the D8- and D9-brane mass
formulae:

- M9 MIO
M)?Ry -+ RgRsRy R}, 2070 Mpg = 9—le .+ RgRgRy — Mpg = g—;Rl -+~ RgR7Rg Ry

(10.10)

Now, we select one definite shift vector %2 from all equivalent ones, which has the
particularity to correspond like £ to a root of level 4. It is obtained from a permutation

of the root €32 that describes an orbifold in the directions (z7; 28, %), namely 5([73’2] =

((0)%,(1)3,0), as:

€32 = 9(A® — AT — A®) — €T = ((2)%,3,3,1,2). (10.11)

Note that both the signs of the orientifold plane charges and this angle x would also be sensitive to the
presence of a quantized Kalb-Ramond background flux | Bsg dz’ 8dz®, but we neglect this possibility here,
since it would be the sign of a tilted geometry in the (z%; z°) plane on the type A side (non-trivial complex
structure of the torus).
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Let us first blindly compute the ensuing mass formula, reduce it on z'° and T-dualize it

on 1E7Z
12 2 MpR10—0 Msn 2 T7 Mslo ! 2
M, Ry - - R¢(R7Rg)*R1o p Ry -+ R¢(R7Rg)* — Mpg = g—3R1 - RyR§ .
A B

(10.12)
On the type B side, Rg and Rg form the pair of orbifolded directions. Comparing with ({0.10),
we immediately see that we will have a D9-brane if: Rg x Rg/ 9]23. As hinted above, we
need to find an angle in the dual type 0A setup to identify the flux. In this perspective, we
perform a further T-duality along 2® that brings us to a S'/(—1)f2QI; orientifold of type
0A string theory in which the type 0B flux is mapped to an angle between the O8-plane,

and the D8-brane obtained from ([L0.13) as

MlO M9
MD9=—§R1---R’7R§E>—35R1---R6R'73é- (10.13)
9B 9aA

This implies that there is a dual relation to Rg < Rg/ 9]23 on the 0A side that has the same
form:
7s
Rg o Rg/g3 —> Rg o< Rg/g5 .

Indeed, plugging back this dual relation in ([[0.13) clearly identifies the corresponding
object with a D8-brane of type A string theory. Interestingly, ([L0.9) implies that there can
be a non-right angle between the D8-brane and the O8-plane with cot(y) = CNI% x %gi.
Unfortunately, our purely algebraic formalism does not allow us to see the individual values
of ¢1, N and the proportionality constant, but they must be physically chosen so that:
= fTQ/ZQ Tr(Fgg)dxSdz® = c; = 16. This is similar to the case of [[[J], where the type of
brane necessary for anomaly cancellation was obtained from the shift vector, but not their
number.

Let us then study the case of a T?/{(—1)f'S,Zs} (where the shift operator S only
acts on the M-theory direction x'%) orbifold of M-theory. We want to show that it gives
an alternative M-theory lift of the same type 0’ T2/(—1)/RQI, orientifold that we have
just studied. Before we discuss the brane configuration, it is necessary to discuss the
case of M-theory on S'/{(—1)F'S,Zs} to understand the effect of taking both orbifold
projections on the same circle. We first remark that the orientifold group has four elements:
{1, (-1)F'S, I, (—1)F I]}, where I} = SI;. While I; is a reflexion of the coordinate z'? with
respect to 20 = 0, I} is a reflection of ' with respect to 1® = 7/2. In particular, I; has
two fixed points at 1 = 0 and 7, while I has two fixed points at #1° = 7/2 and 37/2,
and S has no fixed point. In particular, the fundamental domain is an interval [0, 7 /2]
and there are three types of twisted sectors, the usual bosonic closed string twisted sector
of (—1)F S that leads to a type 0 spectrum and two open strings twisted sectors sitting
at each pair of fixed points. What is not known, however, is the precise resulting gauge
symmetry and twisted spectrum. There is a dual picture of the same model, where one
first uses the S symmetry to reduce the circle by half, and then considers the projection
by I; which replaces the circle by the interval. This second picture resembles the non-

supersymmetric heterotic orbifold of M-theory discussed in [83], except that these authors

- 100 —



did not include a closed string twisted sector, which hopefully helps stabilizing the non-
supersymmetric theory. We now conjecture that M-theory on T?2/{(—1)¥'S,Zs} is the
strong coupling limit of the S'/(—1)/2QI; orientifold of type OA string theory and is thus
T-dual to the T2 /Zq x S* /(—1)¥'S orbifold of M-theory through a double T-duality, modulo
the appropriate breaking of gauge groups by Wilson lines.

Let us be more concrete. We need to reduce to type 0A string theory on an orbifolded
direction, then T-dualize to type 0B on a normal toroidal direction to reach a type 0’
T2/(—1)/RQI, orientifold, as in the following mapping:

M-theory on T8 x T2/{(—1)¥'S,Z}
lMPRlO_’O (10.14)
type OA on T8 x Sl/(_l)fRQ[1 L type OB on T % T2/(_1)fRQ[2

First, we have to select one definite shift vector from all equivalent ones. We take the
one that has the particularity to descend from the more general T?/Z,, serie of shift vectors
of the form né? — oy, namely:

€122 = o(AT — AB) + AT =250 — 2 — ((2)%,1,1), (10.15)
which lead to the mass formulae:
9 10
MOy 1(6>2 Hr) _ MPR;--- R MpRi0—0, M, Ry - Rg Is, M, Ry - R:R2.
’ ’ 9 g% ®

(10.16)
We immediately see that we end up with the same objects as in ([[0.12) and ([[0.13) and
the analysis of fluxes and angles is completely parallel. In a sense, the presence of these
two different M-theory lifts of the same string orientifold reflects the equivalence between
T-dualizing S'/QZ, in the transverse space and T-dualizing T2 /QZsy along an orbifold
direction. We will use a similar property later to relate £(6:2 and ¢[%2),
We can now turn to the T6/{(—1)¥"S, Zs} orbifold of M-theory. We will study this
case along the same line as T?/Zo, first reducing on an orbifolded direction to a type 0A
theory orientifold, then T-dualizing along a transverse direction to a type 0B orientifold:

M-theory on T* x T9/{(-1)¥'S, Zy}
lMpleo (10.17)
type 0A on T* x T%/(—1)/rQI]; L, type 0B on T2 x T6/(—1)/rQIg

We will again have a system of N pairs of magnetized D9- and D9’-branes, now contributing
to cancel the -1/4 units of negative D3-brane charge carried by each of the 64 O3-planes.
This can be achieved by the Chern-Simons coupling:

M, / C ! / Tr(Fy A Fo A Fy)
4 75 N3 2 2 2)-
(2m)3 Jrxrs (2m)3 Jre/z,

In the case of a factorizable metric, we can separate T°/Zs into 3 T?/Zy sub-orbifolds,

and only Fxg, Frg and Fjyg yield non-trivial fluxes. Instead of ¢; and NV, we now introduce
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for each pair of coordinates (z%;x7) of the T2’s pairs of quantized numbers denoted by
(mi;, ng; ) [BZ). The index a here numbers various stacks of N, pairs of branes, with different
fluxes. In the dual OA picture, the mg; and ng; ’s give wrapping numbers around the
directions parallel, respectively perpendicular, to the O6-planes and a distinguishes between
wrappings of branes around different homology cycles. With an appropriate normalization

of cohomology bases on the homology cycles, one obtains:

1 :
~Tr / Fre da®da® / Frg da"da® / Fygda'*da® | =) Namgmigmsy = 16
(2m) T2/Z T2/Z T2 /7 -

On the other hand, Chern-Simons couplings to higher forms such as Cs, C7 and Cy are

determined by expressions which also include ng; . factors. For example, the D9-charge is
related to ), Nynggnigniy. The wrapping numbers should then be chosen in a way that
all those other total charges cancel. There are in principle several ways to achieve this, but
it is not our main focus, so we will not give a specific example here (see [R4] for concrete
realizations in the supersymmetric case). Rather, following the T°/Zy case above, one
wishes to study the magnetized D9-brane action given by our algebraic method, deduce
from it that certain pairs of radii are related and then perform a triple T-duality along
(z*;25;27) to exchange the fluxes against tilting angles between O6-planes and pairs of
D6-branes and their image D6’-branes.

Keeping this framework in mind, we first recall the choice of shift vector that comes

from the general T /7Z,, orbifold serie. It is given by:
€62 = o(AT — A®) + €062 = 2516 — 3 + a5 — a7 = ((2)%,1,3,3,1,1,1), (10.18)

where ¢16:2 differs from its expression €67 for n = 2 given in Section 0.3 because of the
charge Q3 is now -1 instead of -2. Let us again follow the dualities ([[0.17) to see how the
D9-brane is expressed in this formalism:

e<§[6,2]\HR> My R10—0 Mg

M 10
_— = M9R1 . -R4 R6R7 2 I —Rl R4 R6R7 2 T4
MpV P ( ) gA ( ) g%

(RyRsR7)?.

This can match the action of a D9-brane if Rs o Rg, R7 o« Rg and Ry Rﬁl/g%. On
the type A side, this again means that Ry oc Ry/ gi, and one verifies easily that 7 indeed
maps the D9-brane to a D8-brane extended along all directions except z*. This D8-brane

Mo R4

is tilted with respect to the O4-plane in the (x*;2%)-plane by an angle cot(x%y) = ni Ry

and still carries magnetic fluxes Fsg and Fyg. T-dualizing further along 2% and 27 leads to

a D6-brane extended in the hypersurface along (z%; 2!; 22; 23; 2%; 28; 2%) with mass:

M7 M7
*Ry -+ RyR¢R7 ~ —=Ry--- R3R5RgRy .
ga 9a

Then, we can interpret this brane as one of the N, D6-branes exhibiting two additional
mge Re

non-right angles with respect to the orientifold O6-plane, given by cot(xgs;) = noe R and

cot(x%) = m58R7 It is of course understood in this discussion that the appropriate image

Dp/-branes are always present.
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Finally, we still wish to study 77 /{(—1)¥'S, Zs} orbifolds of M-theory. For this purpose,
we use the permutation of &7 describing an orbifold in (23;...;2°) given by 537’2} =
(0,0,(1)7,2) in the following fashion:

e =A% — A3+ A5 —2A%) 472 = (2,2,3,3,1,3,3,1,1,2).
This time, we follow the successive mappings
M-theory on T2 x T8/(—1)FS
lMpR10—>0
type 0A on T% x T7/(—1)/t Q1 SERN type 0B on T2 x T6/(—1)/rQIg

leading to the mass formulae:

MyRiy MM 1 MY
Aﬁ&mmmmwﬁmyiieffmmmm&mfi»prfmm&mﬁ
A B

and we obtain again the same type 0B T°/(—1)/2QI orientifold as above, while tilting
angles in the dual type IIA picture can again be obtained by 7Z447.

Overall, we have a fairly homogeneous approach to these four different orbifolds of
M-theory and it should not be too surprising that their untwisted sectors build the same
algebra. We finally summarize the shift vectors we used for physical interpretation in
Table . It is remarkable that these roots are found at level 6 and 7 in ag, showing again
that a knowledge of the ejg root space at high levels is essential for the algebraic study of
M-theory orbifolds.

Another fact worth mentioning is that our Zs shift vectors either have norm 2 or -2,
in contrast to the null shift vectors of Section [[0.1. This lightlike characteristic has been
proposed in [R1], [[9] to be a general algebraic property characterizing Minkowskian branes
in M-theory. Similarly, these authors associated instantons with real roots of e1g, viewed
as extensions of roots of eg, that all have norm 2. However, we have just shown that
Minkowskian objects can just as well have norm 2, or -2, and perhaps almost any. We
suggest that the deciding factor is the threshold rather than the norm (at least for objects
coupling to forms, forgetting for a while the exceptional case of Kaluza-Klein particles
that have negative threshold, when they are instantonic and null threshold, when they are
Minkowskian). Indeed, instantonic objects have threshold 0, while Minkowskian ones have
threshold 1. This approach is compatible with the point of view of [, as explained in
Section B.5.9, as well as with the results of this subsection. Some higher threshold roots
also appear in Table [l4 and [[§, however, but we leave their interpretation for further
investigation.

11. Shift vectors for Z, orbifolds: an interpretative prospect

Now that we have an apparently coherent framework to treat Zo M-theory orbifolds, it
is tempting to try to generalize it to all Z,, orbifolds. To understand how this could be
done, it is instructive to look at Tables [[4 and [[§. As mentioned at the end of Section .3,
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one notices that shift vectors for T9/Z, orbifolds can typically be grouped in series, for
successive values of ¢ and n. As an illustration, we give one such serie (i.e. relating orbifolds
with all charges 41) in the following table:

n\q 2 4 6 8 10
2 ((2)%,1,1)[((2)%,3,1,1,1)[((2)4,1,3,3,1,1,1)[(2,2,3,1,1,3,3,1,1,1) /
3 1((3)%,2,1)[((3)%,4,2,2,1)[((3)4,2,4,4,2,2,1)((3,3,4,2,2,4,4,2,2,1)| (2,4,4,2,2,4,4,2,2.1)
4 1((4)8,3,1)[((4)8,5,3,3,1)[((4)*,3,5,5,3,3,1)|(4,4,5,3,3,5,5,3,3,1)|(3,5,5,3,3,5,5,3,3, 1)
5 1((5)8,4,1)[((5)%,6,4,4,1)[((5)*,4,6,6,4,4,1)|(5,5,6,4,4,6,6,4,4,1)|(4,6,6,4,4,6,6,4,4,1)
6 |((6)%,5,1)[((6)%,7,5,5,1)|((6)*,5,7,7,5,5,1){(6,6,7,5,5,7,7,5,5,1)|(5,7,7,5,5,7,7,5,5,1)

From this table, it should be immediately apparent that typical shift vectors for T7'7/Z,
orbifolds, with ¢ € 2N are given by (some permutation of):

a/2
§=mno+ Z(—l)q/%l Pi 7 g2
i=1

= ((n)107q7n +p17n —p1,n—p2, N +p27 e, n _pq/2apq/2)

and have a threshold bigger or equal to 1 since 1 < ¢; <n—1,Vi=1,...,¢/2. In analogy
with the Zs orientifold cases, it is tempting to think of the "average” value ((n)?,0) as
spacetime-filling branes, and of the deviations g;a7_q42; as fluxes in successive pairs of
(orbifolded) dimensions. Of course, the fluxes are only directly interpretable as such after
the reduction to string theory. In the Zs examples, they appeared because an M-theory
orbifold turns into a string theory orientifold with open strings twisted sectors exhibiting
non-abelian Chan-Paton factors. This allowed us to invoke Chern-Simons couplings of the

/Clo_q-/Tr(Fq/Q) (11.1)

on the world-volume of the space-filling branes that participate to tadpoles cancellation

form:

at the orbifold fixed points. Geometrically speaking, the more orbifolded directions, the
more non-trivial fluxes can be switched on, producing higher non-zero Chern numbers that
reflect the increasingly complex topology in the presence of several conifold singularities
at each fixed point. A further research direction is to determine which kind of flux could
appear in which Z,, orbifolds.

In any case, one should not forget that the orbifolded directions in the string theory
limit are not exactly the same as in the original M-theory orbifold, so that a bit of caution
is required when trying to interpret the shift vector directly, without going through a chain
of dualities leading to a better-known string theory soliton.

Our proposal is to regard the mass formulae associated to these shift vectors as M-
theory lifts of the resulting string theory brane configurations, that are somehow necessary
for the M-theory orbifolds to be well-defined, in a sense which remains to be understood.

It also remains unclear how the change of average value of the components of the shift
vector from 2 to n determines the fact that we have a higher order orbifold. Intuitively,

- 104 -




it should reflect the presence of more twisted sectors, but is a priori not related to the
different number of fixed points.

All these questions are of course of primary interest to obtain non-trivial physical
information from our algebraic toolkit and we will pursue them in forthcoming research
projects. They will be addressed in future publications.

12. Conclusion

In this paper, we have aimed at developing a rigorous and general algebraic procedure to
study orbifolds of supergravity theories using their U-duality symmetry. We were partic-
ularly interested in the ej;_pj;1_p serie of real split U-duality algebras for D =1,...,8.
Essentially, the procedure can be decomposed in the following successive steps. First, one
constructs a finite order non-Cartan preserving inner automorphism describing the orbifold
action in the complexified algebra e;1_p. This nth-order rotation automorphism reproduces
the correct Z,-charges of the physical states of the theory, when using the ”duality” map-
ping relating supergravity fields and directions in the coset ¢;1_pj11—p/E(e11—pj11—p) (in
the symmetric gauge). Next, one derives the complexified invariant subalgebra satisfied
by the null charge sector and fixes its real properties by taking its fixed point subalgebra
under the restricted conjugation. One then moves to an eigenbasis, on which the orbifold
action takes the form of a Cartan-preserving (or chief) inner automorphism, and computes,
in terms of weights, the classes of shift vectors reproducing the expected orbifold charges
for all root spaces of e;1_p. In D = 1, one uses the invariance modulo n to show that
every such class contains a root of ejg, which can be used as the class representative. In
a number of cases, these roots can be identified with Minkowskian objects of M-theory or
of the lower-dimensional string theories, and interpreted as brane configurations necessary
for anomaly cancellation in the corresponding orbifold /orientifold setups.

In fact, for a given T9/Z, orbifold, the first two steps only have to be carried out
explicitly once in e,41 for the compactification space S L% T4/7,, and need not be repeated
for all TP x T?/7Z,. Rather, one can deduce in which way the Dynkin diagram of the
invariant subalgebra will get extended upon further compactifications. This is relatively
straightforward until D = 3, but requires some more care in D = 2,1, when the U-duality
algebra becomes infinite-dimensional. In ejg, in particular, a complete determination of
the root system of the invariant subalgebra requires in principle to look for all invariant
generators. This could in theory be done, provided we know the full decomposition of e
in representations of s[(10,R). However, one of the conclusions of our analysis is that once
we understand the structure of gi,, at low-level, its complete root system can be inferred
from the general structure of Borcherds algebras.

By doing so, however, one realizes that there are three qualitatively different possible
situations from which all cases can be inferred. The determining factor is the invariant
subalgebra in D = 3. If this subalgebra of ¢gg is simple, its extension in e1q1o is hyperbolic
and non-degenerate. This happens for T9/Z for ¢ = 1,4,5,8,9, as already shown in [[L]]
by alternative methods. If it is on the other hand semi-simple, we obtain, in D = 2, what
we called an affine central product. It denotes a product of the affinization of all simple
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factors present in D = 3, in which the respective centres and derivations of all factors are
identified. Descending to D = 1, all affine factors reconnect through «v_1 in a simple Dynkin
diagram, leading to a degenerate hyperbolic Kac-Moody algebra, but without its natural
centre(s) and derivation(s). This is the case for all remaining Zy orbifolds, as well as for
TC /7, orbifolds with n = 3, 4. Finally, if an abelian factor is present in eg, its affinization
in eg, 11(1), turns into all multiples of an imaginary root in e, which also connects through
a_1 to the main diagram, thus leading to a Borcherds algebra with one isotropic simple
root. Although it was conceptually clear to mathematicians that Borcherds algebras can
emerge as fixed-point subalgebras of Kac-Moody algebras under automorphisms, we found
here several explicit constructions, demonstrating how this comes about in examples of a
kind that does not seem to appear in the mathematical literature.

In the first case, the multiplicity of invariant roots is inherited from ejq, in the other two
cases, however, great care should be taken in understanding how the original multiplicities
split between different root spaces. In fact, the Borcherds/indefinite KM algebras appearing
in these cases provide first examples of a splitting of multiplicities of the original KMA
into multiplicities of several roots of its fixed point subalgebra. This is strictly speaking
the case only for the algebras as specified by their Dynkin diagram, but one should keep
in mind that the quotient by its possible derivations suppresses the operators that could
differentiate between these roots, and recombines them into root spaces of the original
dimension, albeit with a certain redistribution of the generators. In fact, it is likely that
a computation of the root multiplicities by an appropriate Kac-Weyl formula for GKMA
based on the root system of the Dynkin diagram would predict slightly smaller root spaces
than those of the fixed-point subalgebra that are obtained from our method. However,
it is not absolutely clear what is the right procedure to compute root multiplicities in
GKMA. This is a still largely open question in pure mathematics, on which our method
will hopefully shed some light.

Along the way, we also explicitly showed, in the T*/Z, case, how to go from our
completely real basis for gi,y, described by a fixed-point subalgebra under the restricted
conjugation, to the standard basis of its real form, obtained from the Cartan decomposition.
This is especially interesting in the affine case, where we obtained the relation between the
two affine parameters and their associate derivations.

Even though the present paper was focused on the breakings of U-duality symme-
tries, it is clear that, in another perspective, the same method can in principle be applied
to obtain the known classification of (symmetric) breaking patterns of the Eg x Eg gauge
symmetry of heterotic string theory (or any other gauge symmetry) by orbifold projections.
Indeed, our result in D = 3 for breakings of eg can be found in the tables of [27, P§], where
they are derived from the Kac-Peterson method using chief inner automorphisms. Recip-
rocally, one might wonder why we did not use the Kac-Peterson method to study U-duality
symmetry, too. It is certainly a beautiful and simple technique, very well suited to classify
all possible non-isomorphic symmetry breakings of one group by various orbifold actions.
However, calculating with Z,-rotation automorphisms instead of Cartan-preserving ones
has a number of advantages when dealing with U-duality symmetries. In the Kac-Peterson
method, one first fixes n, then lists all shift vectors satisfying the condition (A, f0g) < n of
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Section fI, which allows to obtain all non-isomorphic breakings. In the end, however, one
has sometimes to resort to different techniques to associate these breakings with a certain
orbifold with determined dimension and charges.

Here, we adopt a quite opposite philosophy, by resorting to non-Cartan preserving inner
automorphisms with a clear geometrical interpretation. In this perspective, one starts by
fixing the dimension and charges of the orbifold and then computes the corresponding
symmetry breaking, which allows to discriminate easily between a degenerate finite order
rotation and an effective one. Only then do we reexpress this automorphism in an eigenbasis
of the orbifold action, in which it takes the form of a chief inner automorphism, and compute
the class of associated shift vectors. Doing so, we can unambiguously assign a particular
class of shift vectors to a definite orbifold projection in space-time. Note that such shift
vectors will typically not satisfy (A, f¢g) < n, so that a further change of basis is required to
relate them to their conjugate shift vector in the Kac-Peterson formalism (we have shown in
Section [J how to perform this change of basis explicitly). However, this process may obscure
the number of orbifolded dimensions and the charge assignment on the Kac-Peterson side.

Furthermore, another reason for not resorting to the Kac-Peterson method is that we
are not so much interested in all possible breakings of one particular group, say Fg, as
in determining the fixed-point subalgebras for the whole E,. serie. Consequently, we can
concentrate on the 7'%/Z,, orbifold action in E,;; and then extend the result to the whole
serie without too many additional computations, since the orbifold rotation acts trivially
on the additional compactified dimension and the natural geometrical interpretation of the
SL(r,R) € E, generators has been preserved. On the other hand, the change of basis
necessary to obtain a shift vector satisfying the Kac-Peterson condition can be completely
different in F, compared to E,_;. Accordingly, starting from such a shift vector for F,_1,
there is no obvious way to obtain its extension describing the same orbifold in F,. Finally,
and much more important to us is the fact that there is no known way to extend the
Kac-Peterson method to the infinite-dimensional case.

The above discussion has concentrated on the part of this work where the invariant
subalgebras of ¢1;_p|11—p under an nth-order inner automorphism were derived. In D > 3,
these describe the residual U-duality symmetry and bosonic spectrum of supergravity the-
ories compactified on orbifolds and map to the massless bosonic spectrum of the untwisted
sector of orbifolded string theories. In such cases, these results have been known for a long
time. They are however new in D = 2,1, which was the main focus of this research project.
In particular, the D = 1 case is very interesting, since the hyperbolic U-duality symmetry
encountered there is expected to contain non-perturbative information, as well. Indeed,
the specific class representatives of shift vectors we find correspond to higher level roots of
e10 which have no direct interpretation as supergravity fields. It is thus tempting to try
to relate them to non-classical effects in M-theory which might give us information on the
twisted sector of orbifolds/orientifolds of the descendant string theories.

Let us now discuss this more physical interpretative aspect inspired from the work
of 1], where the shift vectors for a restricted class of Zy orbifolds of M-theory were
shown to reproduce the mass formulae of Minkowskian branes, which turned out to be
the correct objects to be placed at each orbifold fixed point to ensure anomaly/tadpole
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cancellation. We have extended this analysis to incorporate other Zs orbifolds of M-theory,
which are non-supersymmetric and should be considered in bosonic M-theory. They have
the particularity to break the infinite U-duality algebra to indefinite KM As. These orbifolds
reduce to T?/(—1)/RQZy and T°/(—1)/RO7Z, orientifolds of the type 0B string theory in
which pairs of magnetized D9- and D9-branes are used to cancel the O7- (resp. 03-)
plane charges. They are part of a chain of dual orientifolds starting from type OB string
theory on (—1)/2Q, a tachyon-free theory believed to be well-defined, usually referred to
as type 0’ string theory. We have then shown that the ey roots playing the role of class
representatives of shift vectors in these cases can be interpreted as such space-time filling
D9-branes carrying the appropriate configuration of magnetic fluxes. This identification
could in turn serve as a proposal for M-theory lifts of such type OB orientifolds, as generated
by certain exotic objects corresponding to ejg roots that are not in eg. Finally, these type
1IB setups have an alternative reading in the T-dual type IIA pictures where the magnetic
fluxes appear as tilting angles between O8- (resp. O6-)planes and D8- (resp. D6-)branes
and their image branes, our analysis providing an algebraic characterization of this tilting
angle.

As for Z,>3 case, even though we have treated only a few examples explicitly, we
have noticed that their associated shift vectors fall into series of roots of eqq, for successive
values of ¢ and n, with remarkable regularity. This has provided us with a facilitated
procedure for constructing shift vectors for any TY/Z,, orbifold which acts separately on
each of the (¢/2) T2 subtori. These roots of level 3n are classified in Tables [[4 and [[5.
Despite the remarkably regular structure of such roots, it is not completely clear how to
extract information on the correct anomaly /tadpole-cancelling brane configurations of the
corresponding orbifolds. In particular, the components of the shift vectors transverse to
the orbifold increase monotonously with 7, so that their interpretation requires novel ideas.
However, it is clearly of interest to generalize the identification of such brane constructions
for Z.,-shift vectors with n > 2, and to understand their possible relation to twisted sectors
and/or fluxes present in the related string orbifolds. Hopefully, this can be done in a
systematic manner, reproducing what is known about string theory orbifolds/orientifolds
and leading to predictive results about less-known types of M-theory constructions.

Another future direction of research would consist in investigating more complicated
orbifold setups in our algebraic framework, in which, for instance, several projections of
various orders are acting on the same directions. This could possibly lead to new interesting
classes of GKMAs. In general, however, not only one, but two or more shift vectors will be
necessary to generate such orbifolds and should from a physical perspective be interpreted
separately. This will hopefully open the door to working out the physical identification of
yet a larger part of the ejg root system, and constitute another step in the understanding
of the precise relation between M-theory and eqq.
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A. Highest roots, weights and the Matrix R

i) The matrix R: herebelow, we give the expression of the matrix R used in Section B.] to
define the root lattice metric g. (B.6) in the physical basis:

1111111 2/3 1/3 1/3
0111111 2/3 1/3 1/3
0011111 2/3 1/3 1/3
0001111 2/3 1/3 1/3
0000111 2/3 1/3 1/3
0000011 2/3 1/3 1/3
0000001 2/3 1/3 1/3
0000000 2/3 1/3 1/3
0000000 —1/3 1/3 1/3
0000000 —1/3 —2/31/3

ii) Highest roots of the exceptional E, chain: We list the highest roots of the finite Lie
algebras of the chain ay Cas C ... Cay C 05 C eg C ey C eg, appearing throughout this

article:

04, = as,
Oa, =ag_i+..+ar, 1=2,3

0a, = a5 + ag + a7 + as,

Op, = aq + 205 + 206 + a7 + g,

Op, = as + 204 + 3as + 206 + a7 + 203,

O0p., = as + 2a3 + 3ay + 4as + 3a6 + 207 + 205,

HEB = 2a1 + 3ag + 4ag + bay + 6as + dag + 27 4 3ag .

ii) Fundamental weights of ¢1p: The expression, on the set of simple roots, of the funda-
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mental weights of 1o defined by (Af|a;) = 5; fori,j = —1,0,1,..,8 is obtained by inverting
A = (A(e10) Y)Y ay;. In the physical basis, these weights have the particularly simple

expression:

|A” |A®

—-30
—42

—A"! =(0,1,1,1,1,1,1,1,1,1) —A* = (5,5,5,5,5,5,6,6,6,6)
—AY = (1,1,2,2,2,2,2,2,2,2) —A% = (6,6,6,6,6,6,6,7,7,7)
—A' =(2,2,2,3,3,3,3,3,3,3)| =6 |—AS = (4,4,4,4,4,4,4,4,5,5)| -18
—A? = (3,3,3,3,4,4,4,4,4,4) —AT =(2,2,2,2,2,2,2,2,2,3)| —4
—A% = ( ) —A% = ( )

4,4,4,4,4,5,5,5,5,5 3,3,3,3,3,3,3,3,3,3)|—10

For their expression in the root basis, see, for instance, [Bf]. It can be recast in the following

recursion relations:

Al = 5, A = 2A3 — A2 gy,
A = —(0171—{—2(5), A° = 2A4—A3—Oé4,
A1:2A0+9E8, A6:A3+9D5’

A2 = 2AL A0 —qy . AT = 206 — AP — ag
A3:2A2—A1—042, A8=A2+9E6.

B. The U-duality group for 11D supergravity

This appendix is meant as a complement to Section B.4, and reviews the U-duality trans-
formations for finite U-duality groups as presented in [RJ], which trivially extends to the
hyperbolic case in D = 1.

It has been shown in [BG, [[1], 3], that the Ey;_pj11-p(Z) chain of U-duality group
relevant for M-theory incorporates a generalized T-duality symmetry, which exchanges not
only the radii of 10-dimensional ITA theory among themselves, but also the 11-dimensional

radius Rjp with any of them, leading to the transformation:

1 1 1

,Z-i‘ : Ri VRS ) R EVEE D 7 EVEE D )
R TABRR, 0 MBR;R, " MBR:R;

M} — MER;R;Ry .

(B.1)
for i,7,k € {D,..,10}. To get the whole Weyl group of Ej;_p, one must supplement the
transformation (B.I)) with the permutation of all radii (belonging to the SL(11 — D, Z)
modular group of the torus)

Sij: Ry — R,

which is part of the permutation group S11-p generated by the neighbour to neighbour
permutations {S;;+1}i=p,. 9. Then, taking the closure of the latter with the generator
Tg910 leads to the Weyl group:

W(EH,D) = ZQ?SH,D (B2)
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with Zo = {1,7g910}. This gives the whole set of Weyl generators in terms of their action
on the M-theory radii.

If we compactify to IIA string theory by setting MpRig — 0, then the generators
gA

9A 7 7o o

Tis10 - R;
710 R; — MSQRiRj

1
MR 0T ER:
for 7,7 € {D,..,9}, represent a double T-duality symmetry mapping ITA string theory to it-
self. Likewise, the group of permutations is reduced to Si9—p, generated by {S;;1}i=p.._s,
which belong to the SL(10 — D, Z) modular group of the ITA torus.

In D = 1, this setup naturally extends to the dilaton vector Hr € h(Eyp). The
permutation group Sig acts as Hf% — H}{, for ¢,7 = 1,.., 10, which corresponds to the dual
Weyl transformation: ry(Hg) = Hg — (Hg,a)a” for o = ;o + ... + a;j_3 € II(Ay).

The Zs factor in expression ([B.9) on the other hand, corresponds to a Weyl reflection
with respect to the electric coroot:

Tg/(HR) = Hp — (HR,ozg;)ozg/

= (H}; - éAH, H? + éAH, W HE+ éAH, HS, — ;AH, HY) — ;AH, HY — ;AH> ,
with AH = H} + H}, + HY.

On the generators of e1g, the Weyl group will act as g, = exp [%Z(Ea + Fa)] or alter-
natively as o, = exp [%(Ea - Fa)], Va € Ay (Eq), depending on the choice of real basis.
In particular, a Z,4 orbifold of M-theory can be represented in our language by a Weyl
reflection, and is thus naturally incorporated in the U-duality group.

As mentioned in Section B.4, from the point of view of its moduli space, the effect of
acting with the subgroup W(FE1;_p) of the U-duality group on the objects of M-theory
on T19 will typically be to exchange instantons which shift fluxes, with instantons that
induce topological changes. On the cosmological billiard, a Weyl transformation will then
exchange the corresponding walls among themselves.

The rest of the U-duality group is given by the Borel generators. These act on the
expectation values C,, a € A4 (E11-p), appearing, in particular, as fluxes in expression
(B.51). Picking, in a given basis, a root § € Ay (E11-p), its corresponding Borel generator
Bg will act on the (infinite) set {Ca}aea, (£,,_p) typically as B3, B3:

Bg: Cg—Cg+1 Cy—=Cy+Cyp, ify—B€ AL (E1-D). (B.3)

If y— B¢ Ay(FE11-p), then B : Cy, — C,. The first transformation in eqn.(B.J) is the M-
theory spectral flow [RJ], generated by part of the Borel subalgebra of the arithmetic group
E11-p(Z). Invariance under such a unity shift reflects the periodicity of the expectation
values of the fields A?;, Cj, Cs and .Z’}.

C. Conventions and involutive automorphisms for the real form $0(8,6)

i) Conventions for d7: we recall the conventions used in Section [p.3 to label the basis of
simple roots of the finite 07 C 07 C giny Lie algebra for the 7% x T4/Zn>2 orbifold of
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M-theory:

fr=a_, fo=a, B=ap, fa=a3, =, =, Br=v. (CI)

The affine 9, will be described by the following Dynkin diagram: The lexicographic order

B &
O7I O—o0 igo

Bo B Bs Ba P B

Figure 4: Dynkin diagram of 9; in the 3-basis

used in convention ([C.1) is meant to naturally extend the ag C g, subalgebra appearing for
the T* /Zy~5 orbifold in D = 5. In particular, we define E;...4123 = [Ei, ... [Ea, Ea_ta+a. )] -]
for ¢ > 4.

For non-simple roots of level 2 in s, the corresponding ladder operator is defined by
commuting two successive layers of simple root ladder operators, as, for instance, in:

Ergs2421923 = [Es, [E4, [Fa, Eresa123]]] -

This implies in particular the useful relation

/87.'761'_1...]'2(1'_1)2...421223 - Nﬁj7/81'...j(j_1)2...421223 ’

which, combined with N_, _3 = =N, g and Ny y—oq = —N,,—+, induces

|:F£‘, Ei---(j+1)j2---421223} == i*l---(j+1)j2---421223 5

[Fla Ei---(j+1>7j2---421223} = Bijir1,j(j-1)2421223 -

ii) The representation I': the inner involutive automorphism written in the form (6.21)

acts on elements of the algebra d7 in the representation I'{1,0,...,0} (see [fF]) defined as
follows. For general r, let the basis of simple roots 0, characterized by the Dynkin diagram
of Figure ] be recast in terms of the orthogonal basis g;, i = 1, ..,

ﬁl =&r—1—&p, ﬁZ =E&r—2 —&p—1, ﬁ?) =&pr_1+E&r, (C2)
Bi = €rq1—i —Erg2—i, Vi=4,...,r.

The remaining non-simple roots can be reexpressed as follows: for 1 <i < j <r — 3, we
have

Bri1—it .+ Bri1—j =€ — €11,
Bror1—i+ ... +Ba+Pe=¢€i —er_1,
Bry1—it+ ...+ 5a+ 0B+ =& —&r, P2+ 01 =¢er—2—¢&, (C.3)
Bro1—it+ ... +Ba+ 03+ 02 =& +e&r, B3+ P2 = er—2+epr,
Bri1—it .+ Ba+P3+ B+ =cite—1, Bs+Bat+fr=crate—1,
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while roots of level 2 in B, decompose as

Brot—it oo+ Brp1—j +2(Br—j+ ...+ B+ Bo) + B3+ 01 =i +€j41, 1 <i <
Bro1—i+ ... +Bs+2B2+ B3+ 01 =€ +er—2,1 <i<

Introducing the elementary matrices &; j, with components (&; ;)i = i, the Cartan
subalgebra of 0, may be cast in the form

1
FH ) Erf r— _grr+gr r _gr T )
( l) \/m( 1,r—1 ) +1,r+1 +2, +2)
1
I'Hy) = ———(&r—2p2—E 11+ E 1212 — Ergayr s
( 2) \/m( 2,r—2 1r—1 +2,r+2 +3, +3)
1
I'H3) = ——— 57«7 r— +grr_gr r _57" r )
( §) \/m( 1,r—1 ) +1,r+1 +2, +2)
I'(H;) .

= —— (Erq1—ipt1—i — Erto—ipro—i + Er—1tip—1+i — Ervirti)
Vr(r—1)
Vi=4,...,r.

The matrices representing the ladder operators of 9., and solving in particular [I'(H;),
['(E;)] = AjiI'(Ej), can be determined to be (see 72)

F(Esi—tfj) - m (5173 + (_1)i+j+1527‘+1_j72r+1_i) ,
1 i (C.4)
F(EE#EJ) B m (5i727"+1—j + (—1)Z+j+ 5j,2r+1—i) :

Raising and lowering operators in the basis {f;}i=1,., then readily follow from relations

(C.9) and (C.3) and expressions (C.4).

O T
Finally, this representation of 9, preserves the metric Gp, = ( g(g T

9D,
off-diagonal blocs are given by gp, =offdiag{1,—1,1,~1,...,(=1)""1}. It can be checked

that indeed: I'(X)"Gp, + Gp,I'(X) =0, for X € 0,.

) , where the

iii) Four involutive automorphisms for the real form s0(8,6): the set Ay of roots gen-

erating the maximal compact subalgebra of the real form so(8,6) appearing in Section [.3
is determined for the four involutive automorphisms (6.31)). Since dim A, (d7) = 42, and
since all four cases have dim A1) = 18, the corresponding involutive automorphisms all
have signature o = 5, and thus determine isomorphic real forms, equivalent to so(8,6).
This construction lifts to the affine extension 97 through the automorphism (6.21]) building
the Cartan decomposition (.33) and (£.39).

Herebelow, we give the set of roots Ay for the four cases (b-31) explicitly. We
remind the reader that these four involutive automorphisms all have eP2(H) = 41 and
661{#2,4760{) = —1. Moreover, the set A(+1) generating the non-compact vector space p
(6.34) can be deduced from A_;) = A \A( ), where Ay is obtained from the system
([C3) and (IC.3) by setting r = 7. In this case obviously dim A(_;) = 24.
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The first involutive automorphism defined by ePaH) = Bs(H) = 11 has

/ol gl 2l / / / / / / / /
A(-1-1) = {66’ ﬁ4a 62’ ﬁ42’ 6765’ ﬁ123’ ﬁ7564a 65412’ ﬁ5423’ ﬁ4123a 67654% 665412’

/ / / / / /
ﬁ654237 ﬁ412237 ﬁ76541237 ﬁ765412237 ﬁ76542 1223> ﬁ652421223} : (05)

The second, defined by eB1H) = _eBs(H) = 41 has

/ / / / / / / / / / / /
Ay = {ﬁ4, Ba: B6, Bes» Bazs Besar 123> Besazs Os412> O5423> Bat23s Parozss

/ / / / / /
B765412a 6765423’ b654123’ ﬁ6541223’ ﬁ65421223’ 67652421223} : (CG)

The third, defined by ePil) = _ef5(H) = _1 has

! al ol / / / / / / / / /
A(-1—1) = {66, ﬁQa ﬂ54a 6765a ﬁ654a ﬁ542a 64125 6423, ﬁ123, ﬁ6542a 654123’ ﬁ765412’

/ / / / / /
ﬁ7654237 ﬁ6541237 ﬁ5412237 ﬁ65412237 ﬁ76542 1223> ﬁ652421223} : (07)

The fourth, defined by BiH) = eB6(H) = _1 has

/ / / / / / / / / / / /
A(+1) = {ﬁ27 Br6> B65+ P54 Bsa2> Barzs Pazss Br23s Bresar Presazs Pesa12+ Pesa23)

/ ! / / / /
654123? ﬁ541223’ 67654123’ ﬁ76541223’ 66542 1223 ﬁ7652421223} : (C8)

The four of them lead as expected to dim Ay = 18.
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q=2

‘n‘Orbifold‘ shift vector ‘Ql l€|? n‘Orbifold‘ shift vector ‘Ql l£|?
3| T%/73 |(3,3,3,3,3,3,3,3,2,1)| 1 | —4||5| T%/%5 |(5,5,5,5,5,5,5,5,4,1)| 1 | —8
T2/7} |(5,5,5,5,5,5,5,5,3,2)| 2 |—12
4| T?)Zy |(4,4,4,4,4,4,4,4,3,1)| 1 | —6||6| T?/Z¢ |(6,6,6,6,6,6,6,6,5,1)| 1 |—10
T2/ZY |(4,4,4,4,4,4,4,4,2,2)| 2 | -8 T2 /%Y |(6,6,6,6,6,6,6,6,4,2)| 2 |—16
T2 /74 |(6,6,6,6,6,6,6,6,3,3)| 3 |—18
|n| Orbifold shift vector |(Q1, Q2)| \5\2 | |n| Orbifold shift vector |(Q1, Qo, Q3)| \5\2 |
3 T* ) Zs (3,3,3,3,3,3,4,2,2, 1) (1,—-1) | =2 |3 TS ) Zs (3,3,3,3,2,4,4,2,2, 1) (=1,1,—1) | 0
4 T /74 (4,4,4,4,4,4,5,3,3,1)| (1,-1) | -4 | |4 T /7,4 (4,4,4,4,3,5,5,3,3,1)| (-1,1,-1) | —4
T2 )%y x T?) %o |(4,4,4,4,4,4,5,3,2,2)| (1,-2) | —6 T4 )%y x T? %o |(4,4,4,4,3,5,5,3,2,2)| (1,1,-2) | —4
T* /%o (4,4,4,4,4,4,6,2,2,2)| (2,-2) | 0 T2 /7%y x T*)Z5|(4,4,4,4,5,3,6,2,2,2)| (1,-2,2) 2
T? %o x T? /%4 |(4,4,4,4,4,4,6,2,3,1)| (2,-1) | 2
5 T*/Zs (5,5,5,5,5,5,6,4,4, 1) (1,—1) | =6 | |5 TS ) Zs (5,5,5,5,4,6,6,4,4,1) (—=1,1,—1) | —4
/7 (5,5,5,5,5,5,6,4,3,2)| (1,-2) [-10 16/ Z (5,5,5,5,4,6,6,4,3,2)| (=1,1,-2) | -8
T4/Z’5’ (5,5,5,5,5,5,7,3,4,1)| (2,—1) 0 76 /7Y (5,5,5,5,4,6,7,3,4,1)| (—=1,2,-1) 2
T4 /7’ 5,5,5,5,5,5,7,3,3,2)| (2,-2) | =2 T8 /7Y’ 5,5,5,5,4,6,7,3,3,2)| (=1,2,-2) | —2
6 T4 ) Zg (6,6,6,6,6,6,7,5,5,1)| (1,—1) | —8 | |6 T ) Z¢ (6,6,6,6,5,7,7,5,5,1)| (—1,1,—1) | —6
T2 /%3 x T? /% |(6,6,6,6,6,6,8,4,5,1)| (2,—1) | 2 T2 /%3 x T*/Z¢|(6,6,6,6,4,8,7,5,5,1)| (—=2,1,—1) | 2
T?/Z¢ x T? /%3 |(6,6,6,6,6,6,7,5,4,2)| (1,—-2) |—14 T4 /%¢ x T? /%5 |(6,6,6,6,5,7,7,5,4,2)| (—1,1,—-2) |—12
T )7} (6,6,6,6,6,6,8,4,4,2) (2,—2) | —8 T?/%Z¢ x T*/%3|(6,6,6,6,5,7,8,4,4,2)| (—1,2,-2) | —6
A (6,6,6,6,4,8,8,4,4,2)| (—=2,2,-2) | 0
T? /%o x T? /%5 |(6,6,6,6,6,6,9,3,4,2)| (3,-2) | 2
T2 )%g x T? /% |(6,6,6,6,6,6,7,5,3,3)| (1,-3) |—16 T*/%Z¢ x T? /%5 |(6,6,6,6,5,7,7,5,3,3)| (—-1,1,-3) |—14
T 7}, (6,6,6,6,6,6,9,3,3,3)| (3,-3) | 0 T2 /Z¢ x T*/Z5|(6,6,6,6,5,7,9,3,3,3)| (-1,3,-3) | 2
Table 14: e1g roots as class representatives of shift vectors for Z,, orbifolds.
|n| Orbifold shift vector (Q1,.-.,Qq) | \5\2 | |n| Orbifold shift vector | (Q1,.--.,Q5) | \§|2 |
3 T%/%3 (3,3,2,4,2,4,4,2,2,1) (1, -1, 1, 1) | 2
4 T8 )%, (4,4,5,3,3,5,5,3,3,1) [ (1, —1,1,—-1) | —2 [ |4 T )74 (3,5,5,3,3,5,5,3,3,1) [ (=1,1, —1,1, —1)
T6 )74 x T? %0 (4,4,5,3,3,5,5,3,2,2) [ (1, —1,1,=2) | =2 T8 )%y x T? %o (3,5,5,3,3,5,5,3,2,2) [ (=1,1, —1,1, —=2)
5 T8 )75 (5,5,6,4,4,6,6,4,4,1) (1, —1,1,—-1)| =2 [ |5 T )75 (4,6,6,4,4,6,6,4,4,1) [ (—1,1,—1,1,—1)| 0
T8 /7 (5,5,6,4,4,6,6,4,3,2)|(1,-1,1,-2)| —=6 | |5 710 /75 (4,6,6,4,4,6,6,4,3,2)|(—-1,1,-1,1, —-2) | —4
T8 /7Y’ (5,5,6,4,4,6,7,3,3,2)[(1,-1,2,-2)| 0 70 /7" (4,6,6,4,4,6,7,3,3,2)|(=1,1,-1,2,-2)| 2
6 T8 Zg (6,6,7,5,5,7,7,5,5,1) [ (1, —=1,1,—-1)| —4 | |6 T /76 (5,7,7,5,5,7,7,5,5, 1) [ (—=1,1, —=1,1, =1) | —2
T2 /%3 x TS | Z¢ (6,6,8,4,5,7,7,5,5,1)| (2, —1,1, —1)| 2
TS )% x T? /%3 (6,6,7,5,5,7,7,5,4,2)| (1, —1,1, —2) | —10 T8 /% x T?Zs (5,7,7,5,5,7,7,5,4,2) | (—=1,1,—1,1, —=2) | —8
T )76 x T* ) Zs (6,6,7,5,5,7,8,4,4,2) [ (1, —1,2,-2) | —4 TS )% x T* ) Zs (5,7,7,5,5,7,8,4,4,2) [ (=1,1, —1,2, =2) | —2
T2/ Z¢ x TS | Zs (6,6,7,5,4,8,8,4,4,2)| (1, —2,2, —2)| 2
TS )% x T? ) Zq (6,6,7,5,5,7,7,5,3,3)| (1, —1,1, —=3) | —12 T8 /% x T? %o (5,7,7,5,5,7,7,5,3,3) [ (=1,1,—1,1, —=3) | —10
T4 /%6 x T? /%3 x T? /%2 |(6,6,7,5,5,7,8,4,3,3)| (1, —1,2, —3) | —6 76 /%6 x T? /%3 x T? /%2 ((5,7,7,5,5,7,8,4,3,3) | (—1,1, —1,2, —3) | —4
T2 )% x T*)%3 x T?/%>|(6,6,7,5,4,8,8,4,3,3) (1, -2,2,-3)| 0 T4 /%6 x T*|Zs x T? /%2 |(5,7,7,5,4,8,8,4,3,3) [ (—1,1,—2,2, —3)| 2

Table

15: e1g roots as class representatives of shift vectors for Z,, orbifolds.
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g[qﬂ}

q physical basis Dynkin labels
La_1y2041698310412514697687 | (2,2, 2,2, 2,2, 2,2,4,1) | [200000001]
4o _1)201698310412513687586 | (2, 2, 2,2, 2,2,1,1,3,1)| [100000100]
5o _1)2041698310411512687485 (2,2, 2,2,2,1,1,1,1,1)| [000010000]
8| a(_1y208152637a859667384 [(2,2,1,1,1,1,1,1,1,1)| [010000000]
9 ) (0,1,1,1,1,1,1,1,1,1)| [000000001]
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(Ilo, ¢) Ginv o (ginv)

0] 0] % H 50(2,2) @so(1,1) 3

o—0—O0 X H 50(3,3) @ so(1,1) 4

% H s0(4,4) @ so(1,1) 5

% 50(5,5) ®so(1,1) 6

O O O o 50(6,6) @ sl(2,R) 7

O0—O0—O0—0——0 s0(8,8) 8

O O O 0310 10

O O I O O O 0¢10/10 10
Table 17: The split subalgebras gi,, for Zs orbifolds of the first kind.




q g [4,2] physical basis generator

2 or (0,0,0,0,0,0,0,0,1,—1)| K1)
3 o (0,0,0,0,0,0,0,1,1,1) | Zs910]
6| asezsseerse | (0,0,0,0,1,1,1,1,1,1) | Zp5.49)
7|oq293310550607283 | (0,0,2,1,1,1,1,1,1,1) |K

K(3)[3--10]

Table 18: Universal shift vectors for Zs orbifolds of the second kind.
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(ITo, ¢)

Pinv

o (ginv)

o
@)
@)
@)

(@)
O
o—O0O
O
O
O

sl(2, R)®” @ s0(1,1)

sl(3,R) & sl(2,R)

@ so(1,1)

s((4,R) @ sl(2, R)®”

sl(6,R) @ sl(2,R)

50(6,6) ¢ sl(2,R)

e77 D sl(2,R)

o—O0
O
O
O

O O
7 J
O O) O T O O) O
U \J U \J U \J U

€719 D ay|3

2KM11\12

10

10

Table 19: The split subalgebras gin, for Zs orbifolds of the second kind
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q ¢la:2] physical basis Dynkin label |A|2
2 Oé(i1)20416283104125146107586 (2,2,2,2,2,2,2,2, 1, 1) [000000010] —2
3 Q{(_1)2(41628310412515611 7587 (2,2,2,2,2,2,3,3,1,2)| [010000001] | —2
6 a(*1)2041628394125156107586 (2, 2, 2, 2, 1, 3, 3, 1, 1, 1) [010001000] 2
7 a(—1)204172103114145176117587 (2, 2, 3, 3, 1, 3, 3, 1, 1, 2) [000100100] 2

Table 20: Physical class representatives for T'1°~% x T'9/Z, orbifolds of M-theory of the second
kind
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